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Abstract One method to determine the asymptotics of particular solutions of a dif-
ference equation is by solving an associated asymptotic functional equation. Here we
study the behaviour of the solutions in an asymptotic neighbourhood of such indivi-
dual solutions. We identify several types of attraction and repulsion, which range from
almost orthogonality to almost parallelness. Necessary and sufficient conditions for
these types of behaviour are given.

Keywords Difference equations - asymptotics - stability - rivers - nonstandard
analysis - change of scale

Mathematics Subject Classification (2000) 39A11 - 03HO05

1 Introduction
Main results
We study first-order difference equations of the type
Y(X+1) = F(X, Y(X)), D)

where F' is supposed to be continuously partially differentiable in Y. In [7] conditions
were given in terms of F and Fz’ to determine whether (D) possesses solutions with
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154 1. P. van den Berg

asymptotic behaviour Y(X ). The sequence Y can be found by solving F for fixed
points, i.e., F (X, Y(X ) = Y (X), or whenever this is impossible or inconvenient for
“almost ﬁxed points” satisfying the so-called asymptotic functional equation

p FXTG0) T
X—o0 Y(X)(|Fj(X, V(X)) — 1)

(A)

If such a weak, asymptotic fixed point for F satisfies some additional regularity condi-
tions (see Definition 2.2) we speak of an approximate solution. The additional condi-
tions express essentially that the solutions of (D) in a sufficiently wide neighbourhood
of Y(X ) contract (attract or repel each other), faster than Y(X ) moves itself. An Exis-
tence Theorem, repeated here (Theorem 3.1), states that every approximate solution
is asymptotic to a true solution ¥ of (D). We used nonstandard analysis to prove this
standard theorem.

In the present article we study in a precise asymptotic sense the stability of the
solution Y. We suppose (D), Y and Y to be standard and consider the ¢ ‘asymptotic
halo” Hy of Y, given by

Hy = {(@,Y) | Y/Y(0) ~ 1,0 = o0}

The main theorems, Theorem 3.2, Theorem 3.3, and Theorem 3.4, present formulae
for the deviation of solutions on Hy, compared to the evolution of Y itself. The
formulae are descriptive and precise up to a multiplicative infinitesimal and we state
necessary and sufficient conditions in terms of F;(X, Y (X)) for them to hold on well-
defined segments of Hy. In a sense we complete the information on stability and
deviation stemming from linearization through the variation equation V(X + 1) =
Fz’ (X, Y (X))V (X) associated to (D) by asymptotic expressions for the solutions of
the original equation when approaching or leaving the distinguished solution ¥, and
the domains where they are valid.

There appear to be five kinds of behaviour, linked to the order of magnitude
of F(w, IA’(a))), for unlimited w. We illustrate this informally in the unstable or
repulsive case, with |F;(w, Y (w))| > 1; for precise information and exact condi-
tions we refer to the theorems mentioned above. We let ® be a second solution such
that @ (w)/¥ (@) ~ 1.

If Fj(w, Y (w)) = 00, one has (®(w + 1) — ¥ (@ + 1)) /(®(w) — ¥ (w)) = 00 and
Y will be called a strong river. Observe that the repulsion is so strong that ®(w +
1)/ Y(w+1) may be no longer infinitely close to 1. All other forms of repulsion will
have the property that ® (w+x)/ Y (w+x) is infinitely close to 1 atleast for all limited x.

If (®(w + x) — ¥ (0 +x))/(®(w) — ¥ (w)) = a* for some limited a with |a| Z 1,
the solution Y will be called a moderate river, this corresponds to F(w, Y (w)) being
limited, but not infinitely close to £1.

If |F)(w, )?(a)))| is infinitely close to 1, it appears that we have to change scale,
which turns the equation almost into a differential equation; its solutions are ade-
quately described by (S-)continuous notions. Put y,, = |F}(w, Y (w))| — 1, which is
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Asymptotics of families of solutions of nonlinear difference equations 155

infinitesimal, and § (x) = (P (w+x /) — ?(a) +X/V0))/(P(w) — ?(w)). Ify,/wis
unlimited, one has |§(x)| ~ ¢ for limited x and we call Y a weakly exponential river.
|8] is not only S-continuous, it is in a sense nearly differentiable, for its difference
quotient (|6 (x + y,)| — [8(x)]) /Yw is also nearly equal to e*. If y,,/w = r is limited,
it is equivalent to rescale at @ with y,, or with w itself, for convenience we use the
latter. If we denote (®(w + wx) — )7(0) + wx)) /(P (w) — Y(w)) again by 6(x), we
derive that § now is polynomial and satisfies |8 (x)| >~ x" for all limited x. Again |5 (x)|
is nearly differentiable, with its difference quotient (|6(x + 1/w)| — |§(x)]) / (1/w)
nearly equal to the derivative rx"~! of x". If r > 0, we call Y a polynomial river.
With this weak form of repulsion the secondary solution @ still leaves the river 17, i.e.,
d>(.§)/)7(§) is no longer infinitely close to 1 for sufficiently large & > w. The weakest
form of repulsion is observed for » = 0 in case >y~ yx is converging, where C is

some natural number. Then ®(§)/ Y () =~ 1 for all £ > w. To express this form of
almost parallelness, Y is called a drain.

In the case of stability or attraction one may make a similar distinction, with
|F)(w, ?(w))| <1 decreasing from values infinitely close to 1 to infinitely close
to 0.

Relation to existing literature

Our work is inspired by the so-called river phenomenon for differential equations.
Computer graphics of the phase-portrait of several types of differential equations
show contractions of trajectories, a striking optical phenomenon similar to rivers and its
confluents on a map. The phenomenon is observed for such familiar equations as linear
equations with constant coefficients, Riccati equations and the Van der Pol equation.
Attempts to modelling were made in, among others, [12] (standard solutions acting
as attractors or repellors of neighbouring solutions), [1] (slow solutions of slow-fast
systems as attractors or repellors of neighbouring fast solutions), [4] (slow solutions of
slow-fast systems as attractors or repellors of neighbouring fast solutions, after change
of scale by macroscope), and [14, Chapter VII]. The latter presents a descriptive model
in terms of exponential deviation from a central river solution, which is similar to the
configurations described above. We observe that a large class of rivers satisfies an
asymptotic functional equation similar to (A), i.e.,

. (C.O N
X=oo P(X)Fy(X, Y (X))

(R)

[3.4,14].

The class of equations considered in this article is the class of first-order difference
equations (D). The equations may be nonautonomous and nonlinear and essentially
only continuously partial derivability in order of Y is required. The class is larger than
the classes which are usually studied, which are the class of linear equations [22-24],
sometimes allowing for certain types of perturbations [2,13,20], and the class of
analytic equations [16—18]. It is to be noted that these settings include equations of
higher order and/or in more variables, which may be complex. The theories are more
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developed and notably the analytic theory gives more precision as to the asymptotics
of the river solution. For instance, in the case of analytic equations one may look for
a formal solution Y in terms of a power series, for which one may show that it acts
as the asymptotic expansion of an actual solution [16—18], and in the case of linear
equations for expansions in terms of factorial series [22].

Within the limitations of first-order equations in one variable, the main theorems
appear to be more general than the existing theorems on stability. Often they are stated
in terms of eigenvalues in the case of linear homogeneous equations, sometimes
allowing for certain types of generalizations [2, 13]. These results are most close to our
results on moderate rivers. The result on perturbations of linear equations presented in
[13, Section 7.6] is perhaps the most general, because no conditions of regularity are
imposed on the function F defining the equation. However only the autonomous case is
considered and a strong condition is imposed on the boundedness of the perturbation.
In our setting this would mean that 3"y , | F;(X, Y (X))| is bounded for some integer

A, while we consider uncertainties of the form o(?(X)(| Fz/ (X, ?(X))| — 1)), which
may be unbounded. The article [2] considers essentially perturbations of linear homo-
geneous equations and their nonzero eigenvalues, while in our setting F; (X, Y (X))
may be asymptotically zero, or infinite. Still, we need that always | F} (X, Y X)) <1,
or always |F2/(X , Y (X))| > 1. In a sense this means that Y lies in an attractive tube,
or in an repulsive tube. Also, our descriptive results, in terms of first-order asymptotic
approximations of the solutions and the deviation of solutions, are more direct than
the results using Lyapunov functions, like in [20].

We note some relation to the work [15] on singularly perturbed difference equations,
because for a definite subclass of our equations there may be rescaled by macroscope
to equations of this type.

The use of nonstandard analysis

Due to the distinction between standard and nonstandard, and internal and external
properties, the expressive power of nonstandard analysis is stronger than that of clas-
sical analysis. Thus, behaviour may be modelled in a finer way, more close to the
actual behaviour. We used the possibility to define models and state results in terms of
external properties for the purpose of modelling a mathematical phenomenon which
is necessarily approximate, i.e., the local evolution of a central solution and devia-
tion from this central solution by a nearby family of other solutions. This choice also
facilitates asymptotic calculations and reasoning. In the case of rivers of differential
equations (see [14]) an attempt has been made to translate definitions and theorems
into standard terms, where the natural setting seems to be the theory of regular varia-
tion [8]; this was possible at the price of introducing new parameters (see also [9]),
epsilontics and long proofs based on the Transfer Principle.

The article is written in the axiomatic form IST of nonstandard analysis, which
distinguishes itself from model-theoretic nonstandard analysis by the cohabitation of
standard and nonstandard elements within infinite standard sets. Though a matter of
taste, to our opinion for the purpose of modelling mathematical phenomena which are
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Asymptotics of families of solutions of nonlinear difference equations 157

local and approximate, it is convenient to dispose of different orders of magnitudes
within the set of real numbers.

For an introduction to /ST and for terminology and notations we refer to [10,11,21].
We use external sets as in [19]. We denote by & the external set of all infinitesimal num-
bers, £ the external set of all limited numbers, and @ the set of all positive appreciable
(i.e., limited, but not infinitesimal) numbers. These symbols will be used just as o(-)
and O () in classical asymptotics; for example, we may write x = & instead of x >~ 0
and several occurrences of @ in one formula may stand for different infinitesimals.

Structure of the article

In Section 2 we give formal definitions for approximate solutions and various kinds of
local asymptotic behaviour of true solutions. Since the latter involve change of scale,
we recall some of its methods, which are telescopes and macroscopes. The notions
will be illustrated in terms of solvable, linear equations. In Section 3 we recall the
existence theorem from [7] and present the three main theorems which characterize
the local behaviour of families of solutions in terms of the partial derivative of the
function defining the difference equation. In Section 4 we present a convenient lemma
which states that though a nonlinear difference equation in general lacks the property
of uniqueness of solutions, it is possible to move back in time for a subclass of its
solutions. We prove also that in our setting repulsive solutions are unique in their
asymptotic direction. Effects of the rescalings on the behaviour of the equation and its
solutions are treated in Section 5. Section 6 contains the proofs of the main theorems.
In Section 7 we consider some examples of quadratic equations (Section 7.1), a natural
class of drains which admits a simple formula for deviations (Section 7.2), an obvious
backward extension of the domains of the various types of behaviour through the
uniqueness theorem of Section 4 (Section 7.3) and finally (Section 7.4) the question
whether the river or drain itself satisfies the asymptotic functional equation (A).

2 Notations and definitions

Convention 2.1 Unless it is said explicitly to be otherwise, we always consider dif-
ference equations of the form Y (X + 1) = F(X, Y(X)) (D), where F is a real-
valued function which is defined and of class C! in the second variable on some set
U C N x R, such that the projection on N contains asetof the form {X € N | X > A}
with Ag € N. We say that a sequence Y is a solution if Y (X) is defined and
satisfies (D) on some set {X €e N| X > A} with A; € N, or Y(X) is defined on
some set {X € N| A, < X < As}, with Ay, A3 € N, Ay < Aj and satisfies (D) on
{X e N| Ay < X < A3 — 1}; it is supposed that such an interval is maximal.

Definition 2.2 A sequence Y is called an approximate solution of (D) if

1. There exist A € N, B # 0 such that
(a) Either (VX > A) (Y(X) < 0) or (VX > A) (Y(X) > 0).
B (X,V)[X>A,EN)O0<ri<LY=x1-BYX) + (-2
x (14 B)Y (X))} C U.
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(c) Either (VX > A) (IF5(X, Y (X)) < 1) or (VX > A) (|F5(X, Y (X)) > 1).

FX.Y(X)-Y(X) _ / 7 -
2. B 75 o(|F5(X,Y(X))| — 1) for X — oo.

3. % = o(|F3(X, Y(X))| — 1) for X — oo.

4. Y(X) ~ )}(X) for X — oo implies (|F2’(X, Y(X)|—1)~
(IF}(X, Y (X)) — 1) for X — o0.

Definition 2.3 Let C € N be standard and Z: {C, --, oo} — R be a standard nonzero
sequence. We call
Hy ={(w,Y)|w>~00,Y/Z(w) =~ 1}

the asymptotic halo of Z.

Assume (D) and Y to be standard. By Transfer U, A and B may be supposed
standard. Then Hy C U. We will often use the following equivalent nonstandard
form of the condition expressed in Definition 2.2.4:

|Fyw. (L+ )Y @) —1 _ 1). 0

Vo >~ 00)(Vn >~ 0) ~
|Fy(w, Y ()| — 1

The equivalence follows from Theorem 4.1(2) of [5]. Using nonstandard terminology,
a geometric motivation of the conditions of Definition 2.2 has been given in [7], see
also Section 7.4.

Definition 2.4 If Y is a standard approximate solution we put for all X such that
Fj(X, Y (X)) is defined

gx = |F (X, Y(X)| =1, yx = gx| = [[F3(X, Y(X)| - 1.

Definition 2.5 (See [8].) Let H, K: N — R, where K is positive. We say that H is
slowly varying at scale K if for x > 0 uniformly on every compact interval

. HX+xK(X))
Iim ——— =1
X—00 H(X)

It follows from the nonstandard characterization of uniform convergence on com-
pact intervals that, if H and K are standard, H is slowly varying at scale K if and only
if for every unlimited w and limited x

Hw+xK(w)) =1+ 92)H(w). )
Note that for the definition making sense one must have x K (w) € N.
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Asymptotics of families of solutions of nonlinear difference equations 159

Definition 2.6 Leta >~ 0, « > 0.Leta, b € Rbelimited witha < band (b — a) /o €

N. We write
b—a

keN,0<k<

[a--b] = Ia—i—kot

The set [a - -b]is called anear-interval. A function f: [a - -b] — Rissaidto be of class
SYon[a - -b] if f islimited and S-continuouson [a - -b]. Putéf (x) = f(x+a)— f(x).
The function £ is said to be of class S! on [a - -b] if f and 8f (x)/a is of class S° on
[a - -b] \{b}. The function f is said to be of class |S|! on [a - -b] if the function Ay
defined by

Ap@x) = (=D f(x)

is of class S! on [a - -b).

The shadow °f of a function f of class S is a standard function of class C? [26].
The shadow % of a function f of class S! is standard and of class C!, and we have

o(%) x) = (°f) (x) for all x € [%a,%] [10]; sometimes we write with abuse of

language expressions like o(af;yﬁ) = (°f) (x). Typically, alternating functions f

such that | f| is of class ! are of class |S|'. It is easy to see that if f is of class |S|!
the function (f (x + &) 4+ f(x)) /e is of class S°. Its shadow satisfies

o(f(x +Ol) + f(X)) - _ (%f)/ (.X) (3)

o

if (x — a) /a is even, and

o(f(x+a)+f(x))=(%f)/(x) (4)

o

if (x —a) /o is odd. In both cases the two-step difference quotient (f(x + 2«) —
f(x))/12a is of class S® on {a +k 20 |k eN,0<k < bz_a“}. Indeed, if f is of
class §

fOar+20) - f) _ 1dfx+o) +15f(X) L 0f(x)

5
2 2 o 2 « o )
and if f is of class |S|', one has for x such that (x — a) /o is even
fx+2a) — f(x) 16Ar(x +a) 18Ap(x)  JSAf(x)
2a 2 o 2 « o
and similarly for x such that (x — a) /« is odd,
fx+2a) — f(x) __léAf(x—i—ot) _lﬁAf(x) N_SAf(x) 7

20 2 o 2 o« o
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We recall the general Stroboscopy Lemma of Callot and Sari [25,27] on the transi-
tion of difference equations to differential equations. Though essentially more general,
when applied to near intervals [a - -b] it says that the solution of a difference equation

Sy(x) i
= f(x,y), y(a) limited, (8)
o
with f S-continuous on a standard neighbourhood of (a, f(a)) is of class S' at least
up to some ¢ with a s<e ¢ < b; its shadow satisfies the differential equation

% =7 (x, Cn@),  Cy)(a) = Cy(a)). ©)
at least on [, °c].

However, sometimes one wishes more: the solution, say, 1, of the initial value
problem (9) should be defined on [%a,°] and be an infinitesimal approximation of the
solution, say, 8, of (8) on [a--b]N[“a,b]. Then (9) should have existence and uniqueness
of solutions for all x € [%,°]. The equations considered in this article will always
have this property. Indeed, the function % will be of the form % (x, y) = g(x)y, with
g defined and continuous on [%, °b]. Then the solution n of (9) is defined and is unique
on the whole of [%a,]. Also 0 satisfies 0(x) >~ n(x) for all x € [a - -b] N [%a,D].
The latter property may, for instance, be proved along the lines of the proof of the
Strong Short-Shadow Lemma of [11]. This lemma is about infinitely closeness of a
bounded solution ¢ of a standard differential equation and a solution ¥ of an infinitely
close nonstandard differential equation with an infinitely close initial condition, on
the whole domain of definition of ¢. Essential in the proof is that both equations have
uniqueness of solutions. Note that if the nonstandard equation is a difference equation
with infinitesimal increments, uniqueness of solutions is automatically satisfied.

We will consider two changes of scale for the set of solutions of difference equations,
telescopes and macroscopes.

Definition 2.7 (Telescope) Let w € Nand Z, L € R be such that w >~ oo, Z # 0 and
L >0, L/w =~ 0. We define the telescope 7, z.1.: N xR — R by

’

X—w Y—Z
Ty,z,L(X,Y) = )

L Z
Usually we write x = (X —w)/(L)andy = (Y — Z)/(Z). If ® is a sequence, we

write
S(w+ Lx)—Z

(pw,Z,L(x) = 7

In this notation, the difference equation (D) becomes

1
Yo,Z,L (x + Z) = fo,z.L(X, Yo, z,1(X)),
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with
Flw+ Lx,Z(1+y)) 1

Z

In this article we consider notably the cases L = 1 and L = 1/y,. Note that
0fw.z.L(x,y)/dy = 0F(X,Y)/dY.

Definition 2.8 (Macroscope) Let € N and Z be such that w >~ oo and Z # 0. We
define the macroscope M, z: N xR — R by

Jo,z,L(x,y) =

X Y-Z

Mw,Z(X» Y) = (5, T) .

Usually we write x = X/wand y = (Y — Z)/Z. If ® is a sequence, we write

S(wx)—2Z

(pa),Z(x) = 7

In this notation, the difference equation (D) becomes

1
Yo,z (x + —) = fou,z(x, Yo (X)),
[0)]

with
Flox. ZU+y)

V4

Note that again df,, z(x, y)/dy = dF(X,Y)/0Y.

When there is no ambiguity with respect to the involved telescopes T, 7,1 we
allow for the shorthand notation ¢,, for ¢, z 1 and f, for f, z . Similarly, when
there is no ambiguity with respect to the involved macroscopes M,, z we allow also
for the shorthand notation ¢, for ¢, z and f,, for f, z, noting that telescopes and
macroscopes will be used in different settings.

In the context of standard difference equations it is necessary to consider a whole
family of changes of scale: appropriate focussing depends in an essential way on
the, possibly very individual, local behaviour at @ of the difference equation and the
solution. So we use telescopes and macroscopes to rescale conveniently segments of
the asymptotic halo of a standard nonzero solution Y. Indeed, let =~ oo and L > 0
be such that L /w =~ 0. Clearly, for the telescope Tw’};(w)’ ; the external set {(x, y) | x
limited, y ~ 0} corresponds to {(X,Y) | X —w = £L, Y/f(a)) ~ 1} and for the
macroscope ij(w) the external set {(x, y) | x appreciable, y ~ 0} corresponds to
(X, Y)| X/w=@,Y/Y(0) > 1}.

Using the rescalings mentioned above, the next definition describes several types
of local asymptotic behaviour for sets of trajectories. For telescopes the description is
made for positive limited x, but the described type of behaviour will be in fact verified
for all limited x and for macroscopes the description is made for limited x > 1, while
the described type of behaviour will be verified for all positive appreciable x; see
Section 7.3.

fa),Z(x9 )’) =

@ Springer



162 I. P. van den Berg

Definition 2.9 Let (D) be standard and Y be a nonzero solution. Let w € N.

1. Strong rivers. We call Ya strongly attractive river if for every @ >~ oo under
the telescope T,y (@)1 for all limited x € N it holds that °y,,(x) = 0 and whenever ®
and W are solutions with g, (x) =~ ¥, (x) =~ 0, ¢, (x) # Ye(x)

P0G+ D =+ )
Yo (X) — Yu(x)

If instead of (10) it holds that ¢, (0) # v¥(0) and for all limited x € N such that
Po(§) = Yu(§) = 0for§ € {0, -, x}

Po(x +1) — Yu(x + 1)
~ 40
P (X) — Y (x)

or for all such x
Po(x +1) —Yo(x +1)

Yo (x) — Yo (x)

we call Y a strongly repulsive river.
2. Moderate rivers. We call Y a moderately attractive river if for every w =~ oo
under the telescope T, ; (@)1 it holds that °y,,(x) = O for all limited x > 0 and there

exists standard a with 0 < |a| < 1 such that whenever @ and W are solutions with
00 (0) = ¥, (0) = 0, ¢, (0) # ¥, (0) one has for all limited x € N

Yo (X) — Yu(x) ~ g
(pw(o) - I/fw(o) N .

)

(1)

If formula (11) holds for some standard a with |a| > 1, the solution Y is called a
moderately repulsive river.

3. Weakly exponential rivers. We call Y a weakly exponentially attractive river if
for every w >~ oo:
@ Yo =0, wy, =~ 0.
(b) Under the telescope Tw’?(w)’l Yo it holds that °y,,(x) = O for all limited x > 0

and whenever ® and W are solutions with ¢,,(0) =~ ¥, (0) = 0, ¢, (0) # ¥, (0)
one has for all limited x > 0

Yo (X) — Yu(x)
00 (0) — ¥, (0)

O

=e . (12)

Such a river is said to be of class st if Yo(x) and (@y(x) — ¥y, (X)) /(9w (0)
— 1, (0)) areof class S' and of class | S|" if Ju, (x) = Ju, (x) and (¢, (x) = Y0, (X)) / (9 (0)
— ¥,(0)) are of class | S|!. If the above properties hold with

Yo (X) — Yu(x)
00 (0) — ¥ (0)

]

=e". (13)

the solution Y is called a weakly exponentially repulsive river (of class S* or |S|').
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4. Polynomial rivers. We call Ya polynomially attractive river if for every w >~ oo
under the macroscope M, 7 (@) it holds that °y,,(x) = 0 for all limited x > 1 and
there exists standard r < O such that whenever ® and W are solutions with ¢, (1) =~

Ye(1) =0, ¢,(1) # Ye(1) one has for all limited x > 1

o P (X) — Y (x)
$o(1) — Yo(l)

Such a river is said to be of class S' if J,,(x) and (¢, (X) — Ve (1)) /(@u(1) — Yu (1))
are of class S' and of class | S]" if J (x) = o () and (@ (x) = Y (1)) / (@ (1) =V (1)
are of class |S|'. If the above properties hold W1th r > 0 the solution Y is called a
polynomially repulsive river (of class S or |S|').

5. Drains. We call Y a drain if for every w =~ oo under the macroscope M, 7w

=x. (14)

it holds that °y,(x) = O for all limited x > 1, and for every solution Y such that
l?(a))/f(a)) ~ 1 it holds that Y(X)/I?(X) ~ 1 for all X >~ co. The drain is said to be
of class S" if for every w ~ oo the discrete function ¥, (x) is of class S', and whenever
® and W are solutions with ¢, (1) >~ ¥, (1) >~ 0, ¢, (1) # ¥, (1), the discrete function
(P (X)) — V(X)) /(@00 (1) — P, (1)) 1s of class S!. The drain is said to be of class ISI]
if for every w >~ oo the discrete function ¥, (x) — y,(x) is of class |S| I

Remarks. 1. The “central solution” ¥ in Definition 2.9 is always supposed to be
standard. This is in line with the observation in [12], that solutions with standard
initial conditions may act as remarkable solutions, solutions of reference in the phase-
portrait. In our case such solutions are standard solutions, because (D) is standard, and
act as attractors or repellors.

2. In order to be of class | S| a discrete function needs to be “smoothly oscillating”.
It appears that y,, is “smoothly oscillating” around y,, (Definitions 2.9.3, 2.9.4 and
2.9.5) under the conditions of Theorems 3.2.4, 3.2.6, 3.3.4, 3.3.6 and 3.4.2, where y,,
itself is of class S! (Lemmas 5.2 and 5.5).

3. Itis interesting to observe the transition of moderate rivers and polynomial rivers
into weakly exponential rivers as a function of F}(w, Y (w)). Assume that in Definition
2.9.2 we had viewed the difference of two solutlons under the telescope T,

Y (@).1/Yo
instead of under the telescope T, T Then we would have found
o Qow(x) - ww(x) — (1 + gw)x/}/w . (15)
Pw(0) — ¥, (0)

By Euler’s formula, as y,, is approaching infinitesimal values, formula (15) turns
into formula (12) or formula (13) of Definition 2.9.3, depending on whether
|Fy (@, Y ()| < 1or |Fj(w, ¥ ()] > 1.

Also, if in Definition 2.9.4 we had viewed the difference of two solutions under
the change of scale T, @)1/ (Wthh is formally not a telescope, since y,, = (1 +
J)r/w), instead of under the rnacroscope M, 3y We would have found

=Q+i) (16)
]
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Again by Euler’s formula, as r is approaching negative or positive unlimited values,
formula (16) turns into formula (12) or formula (13).

Examples. Using linear equations we give an example of each type of behaviour.
The parameter a is always supposed to be standard.
1. Strong rivers. Consider

Y(X+1)=XY(X)— X2 4 X2 42X + 1.

The solution ¥ (X) = X?isa strongly attractive river if a < 0 and a strongly repulsive
river if a > 0.
2. Moderate rivers. Consider

1
YX+D=a¥(X) =X+ —
P

The solution ¥ (X) = X /(a — 1) is a moderately attractive river if 0 < |a| < 1 and a
moderately repulsive river if |a| > 1.
3. Weakly exponential, polynomial rivers, drains of class S'. Consider

1 1
Y(X+1)=(1—X—)Y(X)+F

The solution ¥ (X) = 1 is a weakly exponentially attractive river of class ' if 0 <
a < 1 and a polynomially attractive river of class S! if ¢ = 1. It is a drain of class S'
if a > 1. As for the repulsive case, consider

1 1
Y(X+1)=(1+F)Y(X)—F

The solution ¥ (X) = 1 is a weakly exponentially repulsive river of class S' if 0 <
a < 1 and a polynomially repulsive river of class S if @ = 1. It is a drain of class
S if a > 1.1t will be shown that the solutions in the asymptotic halo of Y satisfy the
more precise formulae (43) and (44).

4. Weakly exponential, polynomial rivers, drains of class |S|'. Consider

Y(X+1) = 1+i Y(X)+2—i+( H¥ LI
- Xa (X + D¢ xa)

7)

An approximate solution is given by )A’(X) = 1. The solution Y (X) = 1 + (—DHX/x¢
is a weakly exponentially attractive river of class |S|', but not of class S' if 0 < a < 1
and a polynomially attractive river of class |S|!, but not of class S! if ¢ = 1. Itis a
drain of class |S|1, but not of class S! if @ > 1. As for the repulsive case, consider

Y(X 1)—(1 L)Y(X) 24 L (1)X(L L L)
X+b=\"1-% Tt xa Tt Xa X1t x%)
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Again )A’(X) = 1 is an approximate solution and Y(X)=1+(— )X /X is a solution.
The latter is a weakly exponentially repulsive river of class |S|', but not of class S!
if 0 < @ < 1 and a polynomially repulsive river of class |S|', but not of class S! if
a = 1.1tis a drain of class |S|!, but not of class S! if @ > 1. Then the solutions in the
asymptotic halo of ¥ satisfy also the finer formulae (43) and (44).

In Section 7.1 we consider more examples, then of nonlinear equations.

3 Existence and characterization theorems

The theorems below enable to decide from the properties of the function F defining
the difference equation (D) whether in a given asymptotic direction it admits a family
of solutions exhibiting one of the types of behaviour described in Section 2.

We start by recalling the Existence Theorem of [7], which states that the regularity
conditions of Definition 2.2.1,2.2.3 and 2.2.4 are sufficient for an approximate solution
Y, found by solving the asymptotic functional equation (A) of definition 2.2.2 to be
asymptotic to a true solution.

Theorem 3.1 (Existence Theorem) Let f’ be an approximate solution of (D). Then
(D) has a solution Y such that Y (X) ~ Y (X) for X — oc.

By transfer if (D) and Y are standard, there exists a standard solution ¥ such that
Y(X) ~ Y(X) for X — o0. Then Y(a))/Y(a)) ~ 1 for all w ~ oco. The next theorems
characterize the behaviour of the set of solutions of (D) on the asymptotic halo of ¥
(or equivalently of Y) in terms of Fi(w, Y (w)) (or equivalently of F}(w, Y (®))). The
theorems will be proved in Sections 4-6.

Theorem 3.2 (Characterization Theorem for attractive rivers) Let (D) be a standard
difference equation and Y be a standard approximate solution. Let Y be a standard
solution asymptotic to Y.

1. The solution Y is a strongly attractive river if and only if
(@) limy_o F3(X, Y (X)) = 0.
(b) limx_ o Y (X +1)/Y(X) = 1.
2. The solution Y is a moderately attractive river if and only if
(a) limy_ F (X, )A’(X)) = a for some a with 0 < |a| < 1.
) llmX—>oo Y(X + 1)/Y(X) =1
3. The solution Y is a weakly exponentially attractive river of class S Uifand only if
(@) limy_. o F5(X, Y(X)) =L
(b) limy—oo X (F5(X, Y (X)) = 1) = —
(©) Fj(X,Y (X)) — 1 is slowly varying at scale 1/||F5(X, Y (X))| — 1.
4. The solution Y is a weakly exponentially attractive river of class |S|', but not of
class S if and only if
(@ limy— oo F3(X, ¥(X)) = —
(b) limx— o0 X (F5(X, ¥ (X)) + 1) = +o0.
(o) Fy(X, )A’(X)) + 1 is slowly varying at scale 1/||F5(X, }A’(X))| —1].
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5. The solution Y is a polynomially attractive river of class S' if and only if
limy o X (F3(X, Y(X)) — 1) = r for some r < 0.

6. The solution Y is a polynomially attractive river of class |S|', but not of class S’
if and only if limy_, X(Fz’(X, f’(X)) + 1) =r for somer > Q.

Theorem 3.3 (Characterization Theorem for repulsive rivers) Let (D) be a standard
difference equation and Y be a standard approximate solution. Let Y be a standard
solution asymptotic to Y. Repulsive rivers of the various types are characterized by
the conditions of Theorem 3.2 with the following modifications:

1. Strongly repulsive rivers — instead of 1a,

lim F5(X,Y (X)) =+ooor lim Fj(X,Y(X)) = —o0
X—o00 X—00

N

Moderately repulsive rivers — instead of 0 < |a| < 1 in 2a, |a| > 1.
3. Weakly exponentially repulsive rivers of class S' — instead of 3b,

lim X(Fj(X, Y (X)) — 1) = +oc.
X—o00

4. Weakly exponentially repulsive rivers of class |S|', but not of class S' — instead
of 4b, .
lim X(F(X,Y(X)+1)=—
X—00

5. Polynomially repulsive rivers of class S' — instead of r < 0in 5,r > 0.
6. Polynomially repulsive rivers of class |S|', but not of class S' — instead of r > 0
in6,r <0.

Theorem 3.4 (Characterlzatlon Theorem for drains) Let ( D) be a standard difference
equation and Y be a standard approximate solution. Let Y be a standard solution
asymptotic to Y.

1. The solution Y is a drain of class S if and only if
(a) ZXzC FZ/(X, Y (X)) — 1 is converging, for some C > O.
(b) limy_o0 X (F5(X, Y(X))—1)=0.
2. The solution Y is a drain of class |S| U but not of class S if and only if
(a) 2 x=c F5(X,Y (X)) + 1 is converging, for some C > 0.
(b) Tlimyx_ o0 X(Fj(X,Y(X)) 4+ 1) =0.

4 On the uniqueness of solutions

By no means nonlinear difference equations satisfy the property of uniqueness of
solutions, as is immediately clear by considering quadratic equations. However, uni-
queness may be satisfied locally. We will consider two cases for equations (D) which
admit an approximate solution Y. First we show that uniqueness is satisfied if we
constrain ourselves to solutions within an appropriate tube around Y. Secondly, we
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consider solutions asymptotic to Y which exist by the Existence Theorem. Clearly,
in the attractive case there are an infinity of such solutions. But we show that in the
repulsive case there exists only one.

Next definition and proposition are stated for general difference equations.

Definition 4.1 Let(D)be adifference equationdefinedonU C NxR.LetV C U.We
say that (D) satisfies the property of uniqueness of solutions on V if for all solutions ®
and W such that for all X, X with X < X itholds thatif ®(x, . x}, ¥|(x,,..x 1 CV

D(X1) =V(X1) = Piixo,..x11 = VY(x0....X1)-

Note that if (X)) = W(X1), automatically ®(X) = ¥(X) for X > X as long
as ®(X) and ¥ (X) are both defined. We allow for nonuniqueness outside V, i.e., it
may happen that for some solution ® and X > Xg one has ®|(x . x;} = Ox,...x;)>
but (X — 1) #60(X —1),with (X —1,0(X —1)) ¢ V.

Proposition 4.2 Let Y (X + 1) = F(X, Y (X)) (D) be a difference equation defined
onU C NxR. Let V. C U. Assume for all X € N such that there exists some Y € R
with (X, Y) € V the function F (X, .) is injective on V N {X} x R. Then (D) satisfies
the property of uniqueness of solutions on V.

Proof Let ® and W be solutions and Xo, X1 € N with Xo < Xy, ®jx,.... x>
Wiix,,..x;3) C V and ®(X1) = W(X1). We prove that ®x,  x;3 = Y|(x,,.. X}
by downward induction. Let Xo < X < X; and assume ®(X) = W(X). Now
X-1,oX—-1)eVand(X—1,¥(X—-1) e V,while F(X -1, d(X —1)) =
P(X)=V(X)=F(X—1,¥(X—1)).Because F(X, .)isinjectiveon V N{X} x R,
one has (X — 1) = ¥(X — 1). O

We apply Proposition 4.2 to an appropriate tube around an approximate solution.

Lemma 4.3 (Uniqueness Lemma) Let (D) be a standard difference equation satisfying
the conditions of convention 2.1 and Y be a standard approximate solution. Assume
liminfy_, o [ F (X, ?(X))| # 0. Then there exists standard Agy, By with By > 0 such
that (D) satisfies the property of uniqueness OI/lAV ={(X,Y)| X = Ay, 3N (0 <
A<1,Y=x0—-BpY(X)+ (1 -1+ ByY (X))}

Proof Wehave |F}(X, Y (X)) # Oforall X >~ oco.Then F;(X,Y) # Oforall X ~ oo
and Y such that Y/ Y(X)~1 by formula (1). By the Fehrele principle [11], applied in
two dimensions we obtain an internal set / O Hy such that F3(X,Y) 2 0onI.Such
a set / contains a “rectangle” of type V for some standard Ag, By with By > 0. Then
F (X, Y) is injective in the second variable as long as (X, Y) € V. Hence (D) satisfies
the property of uniqueness on V. O

The next theorem states that within a tube V as given in the Uniqueness Lemma, a

difference equation (D) has only one solution asymptotic to a repulsive approximate
solution ¥
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Theorem 4.4 (Uniqueness Theorem for the repulsive case). Let Y bean approximate
solution of (D). Suppose there exists A € Nsuchthat (VX > A) (|F/ (X, IA/(X))| > 1).
Let Ag € N, Ag > A, By > Osuchthat (D) satisfies the property of uniqueness on V. =
{(X,Y) | X >A0, AN O <A<1,Y =A(1—By)Y(X)+ (1 —1)(1+ By)Y (X))
Consider the restriction of (D) to V. Within this restriction there exists a unique
solution Y such that Y(X) ~ ?(X) for X — oo.

Proof By Transfer, we may suppose (D), A, Y and V to be standard. By the Existence
Theorem there is a solution ¥ such that Y(X) ~ Y(X) for X — oo.Let A > Ag be
minimal such that (X, Y (X)) € V for all X > Aj. Suppose Y is a (standard) different
solution within V/, also asymptotic to Y. By convention 2.1 the solutions ¥ and Y
are maximal, so Y (X) # Y (X) for all X such that they are both defined within V.
In particular Y(X) # Y (X) for all X ~ oco. Let @ ~ 0o. Because limy_ o0 (Y (X) —
Y(X))/Y(X) = 0, there exists € > w such that [(Y () — Y(£))/Y(€)| < |(Y (w) —
Y ())/¥ (w)|. Hence for some X with @ < X < & one has |(Y(X + 1) — V(X +
D)/Y (X + DI < [(Y(X) = Y(X))/Y(X)|. So

FX,Y(X) = F(X, Y(X) |
Y(X) — Y (X)

Y(X+1)
Y(X)

~1. (18)

By the Mean Value Theorem and formula (1) there exists o« =~ 0 such that the left-hand
side of (18) is equal to (1 4+ «)gx, and by Definition 2.2.3 there exists § =~ 0 such that
the right-hand side of (18) is equal to —1 + |1 + Bgx]|. So formula (18) becomes

(I+a—Pgx <0 1+Bgx =0
AI+a+Bgx <—2 1+pBgx <0.

In both cases we conclude that gy < 0, i.e., |F2(X Y (X))|] < 1, a contradiction.
Hence Y is the only solution asymptotic to Y. O

5 Rescalings

We derive some approximation lemmas which yield useful information on the beha-
viour of the difference equation (D) viewed under the telescopes or macroscopes. All
lemmas are formulated for the case where (D), the approximate solution Y and the
solution ¥ asymptotic to Y are standard, and w is a nonstandard integer. The following
approximations hold for Y,Y and F;.

Lemma 5.1 Let limy_0o Y(X + 1)/Y(X) = 1. Then %, = = 0 under the
telescope T, T

We omit the proof.

Lemma 5.2 Let limy_, o0 | F3(X, Y (X)) = 1, limx—00 X - || F3(X, Y (X))| — 1| =
0o and |Fy(X, Y(X))| — 1 be slowly varying at scale 1/||F (X, Y(X))| — 1|. Then
Vo = Vo = 0 under the telescope T, T @)1y Moreover, 3, is of class S'.
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Proof Let x > 0 be limited. We have yx/y, =~ 1 forall X withw < X < o+ x/v,.
Applying Definition 2.2.3 and Euler’s formula

Y (@+x/v0) 1l 1+?(X+1)—?(X>
Y () <X <w+x/Yo Y (X)
= H 1+ @yx = (1 + Oye) /7 =exp(@x) = 1 + 2.
w<X<w+x/Yo
Also

Y+x/ve) _ Y @+x/vo) ¥ @+x/vo) V@)
Y () Y+x/ve) Y@ Y

So *J,(x) = 0, hence also °y,,(x) = 0. Further

Jo & + Vo) — Yo (X)

Yo
Y (w0+x + 1))=Y (w+x .
Y (0+x/Vw) Yo+x/Ve Yo

Hence y,, is of class S ! for all limited x > 0. Clearly the above formulae hold also for
negative limited x. O

Lemma 5.3 Let limy_. o F3(X, V(X)) = 1, limyx_00 X - || Fj(X, Y(X))| — 1] = 00
and F(X, Y (X)) — 1 be slowly varying at scale 1/11F5(X, Y(X))| — 1. Then under
the telescope Tw,i(w),l/yw one has (3f,/0y)(x,y) = 1 + (1 + D)gy, for all limited x
andy ~ 0.

Proof We have

F@+x/v0. A+ )Y () —1 y
3 (@ + X/ Vi ¥ (@ + X/ 7)) — 1
oF s
S+ XV, Y0+ x/Vp) —1 (OF .
- 3F (1, V() — 1 '(W(w’ Yon = 1)'

Y ’

oF 1 Y =1
a—Y(erX/Vw,( +yY(w) =1+

Applying Lemma 5.2, formula (1) and the slow variation of F; (X, Y (X)) — 1 at scale
1/||F2’(X, ?(X))| — 1| we obtain for all limited x and y >~ O that

O
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Lemma 5.4 Let limy oo Fj(X, ¥ (X))=—1,limx_ 00 X (F}(X, ¥ (X)) + 1)=+ 00
and F (X, Y (X)) + 1 be slowly varying at scale 1/11F5(X, Y(X))| — 1|. Then under
the telescope Tw,f(w),l/ym one has (3f,/0y)(x,y) = —1 — (1 + D)g,, for all limited
x andy >~ 0.

Proof Analogous to the proof of Lemma 5.3. O

Lemma 5.5 Let limy_, o X(|F2/(X, ?(X))| — 1) = r for some r € R. Then under
the macroscope M, ¥ (w) ON€ has °y,(x) = °y,,(x) = 0 for all positive appreciable x.

Moreover; 3, is of class S' for all positive appreciable x.
Proof Similar to the proof of Lemma 5.2. O

Lemma 5.6 Let limy_, oo X (F;(X, )A’(X)) — 1) = r for some r € R. Then under the
macroscope Mw’};(w) one has (0f,/0y)(x,y) = 1 +r/wx + T/w for all positive
appreciable x and y >~ (.

Proof We have

oF 1 Y
W(a)x, (I+y)Y (w))

gy (@x, (1+ )Y (@) — 1 .(aF

=1+ _ -
& (wx, Y(wx) — 1 Y

(wx, ¥ (wx)) — 1) )

By Lemma 5.5 and formula (1) we obtain for all positive appreciable x and y ~~ 0 that

wx o

0fw r 1% r 1%/
—x,y=1+0+2){—+—)=14+—+—
ay wx o

O

Lemma 5.7 Let limy_, o X(Fz’(X, ?(X)) + 1) = —r for some r € R. Then under
the macroscope M 7 (w) ON€ has (0f,/0y)(x, y) = —1 —r/wx + D /w for all positive
appreciable x and y > 0.

Proof Similar to the proof of Lemma 5.6. O

6 Proofs of the characterization theorems

We start with some notation and some conventions used in all of the proofs. We let
 be an arbitrary unlimited integer. We assume always that ® and W are solutions
such that ®(w) = (1 + @)W (w) = (1 + )Y (w) and & (v) # ¥(w), P(w) £ ¥ (v),
with the exception of the sufficient part of the proof of the strongly attractive case,
where we assume that ®(w + x) = (1 + )V (w + x) = (1 + @)I?(a) + x) and
®(w + x) # V(w + x) for some limited x > 0. Let X > w such that still ®(X) =
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(1+2)¥(X)=(1+ @)f’(X) and ®(X) # Y (X). In the case of telescopes Tw,)"/,L
we define d,, and §,, by

%)(X) _yw(x) (pw(x) — Y (x)
dp(xX) = ——F——, $p(x) = ————.
90 (0) — Y (0) %0 (0) — ¥ (0)
With an abuse of language, we use the same notation for differences of solutions, when
rescaled by macroscopes M, $ @) by definition
_ Pox) = Jox)
Yo (1) — Ju (1)’

_ Yo(¥) — Yo(x)

d, = .
0 G0 (1) — Yo (1)

8 (x)

Note that for some n >~ 0

X+ -¥X+D

q)(X)—\IJ(X) = FZ(Xf (1+77)Y(X)) (19)

This implies that under the telescopes T 7 (@).1/y,, ON€ has

So(X +vw) _ 0folx, A+nA+Ju(x) =1

= (20)
8 (%) dy
and similarly under the macroscopes M .7 (@) 0N has
So(x +1/w)  dfulx, A+ mU + Jo(x)) = 1)
— . (21)
80 (x) dy
If we take x = 1 in (21), we find
afu (1,0
50 (1+1/w) = % 22)

where 6 >~ 0.

Proof of Theorem 3.2.1. Letlimy_ o ¥ (X +1)/Y (X)=1and limx_, » F}(X, Y (X))
= 0. By Lemma 5.1 under the telescope 7, ,, | one has %%» = 0. Letx € N be
limited. By (20) and (1)

pole+ D) — Yo+ 1) _
Yo (X) — Yu(x) N

Hence Y is a strongly attractive river.
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C~onversely, if ¥ isAa strongl}i attractive river, we ha\ie Ve (1) = 0. So Y(a) +
/Y (w) = 1, hence Y(w + 1) /Y (w) = 1 and limx .o Y (X + 1)/Y (X) = 1. Also
(@0 (1) = Yo (1)) /(@0 (0) — ¥, (0)) 2~ 0. By formula (19) one has F}(w, (1+1)Y (»))
=~ O for some n >~ 0. Then

Fy(, Y (@) = Fy(@, Y (@) —14+1=(14+2)(F, A+nY (@) - +1=0

Hence limy—, o0 F}(X, ¥ (X)) = 0. O

Proof of Theorem 3.2.2. Similar to the proof of Theorem 3.2.1, noting that for limited
x>0

GolE + 1) — Y& + 1)
8p(x) = ~a”*.
w= 1 = & —® ¢

0<é<x

Proof of Theorem 3.2.3. Assume limy_, oo F5 (X, Y(X) = 1, limxy—oo X(Fy(X,
?(X)) — 1) = —ooc and that Fj(X, ¥ (X)) — 1 is slowly varying at scale 1/||F}(X,
Y(X))l — 1]. Firstly, by Lemma 5.2 under the telescope T Fw).1/y, ON€ has °y, = 0.

Secondly, we prove that the difference of two solutlons which at 0 under the teles-
cope are infinitely close to 0 is of class S!. Let x > 0 be limited. Since

oo+ ) — () _ dp(x) (gowoc +¥0) = o+ 7) 1) (23)
Yo Yo Po(X) = Yo (X) 7

we derive from (20) and Lemma 5.3 that as long as d,,(x) is limited,

do(X + Vo) — do(x) _ de, (x)
Vo Vo

AI+104+9)gw — 1) =—d,(x)+ 2. (24)

By the Stroboscopy Lemma d,,(x) >~ ¢~ for such x, which also implies that in fact
dy(x) is limited for all limited x. This means that every solution which under the
telescope is infinitely close to zero at x = 0 is infinitely close to zero for all limited
x > 0. Hence §,,(x) satisfies (24) for all limited x > 0, i.e.,

80 (X + V) — 8w (x)
Yo

>~ —f,(x) >~ —e*

This implies that 8,,(x) is of class S! for all limited x > 0.
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Thirdly, we prove that ¥, is also of class S! for all limited x > 0. Note that it
satisfies the equation

T (X Vi) — T (x) = (fw(xa y(:)(X)) - {w(xa Yo (X)) _ 1) F () +
Yoo (X) — Yo (X)
Jox, o (X)) = fulx, Ju(x)) -
- p ~ — 1) Yu(x)
Yoo (X) = Yo (x)

fo®, 9o(0)) = Pux) . A
@ 0 w\Ns Yo d —1 .
T OO S0 oy — 1) W Ofo® Jo(x)/0y=1)

Now ., (x) 2~ 0 by Lemma 5.2. Then for some 8 >~ 0

Jolx, %(JC)) — fulx, )A’w(x)) 1= 0fw(x, B) _

17
Yoo () = Jo (x) ay

which by Lemma 5.3 is of the form (1 4+ @)g,,. It follows also from Lemma 5.3 that
0fp(x, Yo (x))/0y — 1 = (1 + @)g,. Definition 2.2.2 implies that

Jo(x, Yo (X)) = Ju(x)
&w(x)(afw(xa j}a)(x))/ay -1 N

By these estimations the difference y,,(x 4+ ) — Y (x) takes the form
Yo (X + Vo) = Yo (X) = (1 + D)guYo(x) — (1 +D)gw - B+ @ - F(1 4+ D) gew.

So

Yo (x + V;)) — o) >~ —Yu(x) =0, 3)

hence 3, is of class S!. Combining, we conclude that Y isa weakly exponentially
attractive river of class S!.

Conversely, we re.mark.ﬁrst that because Tw’ 7(@).1/70 isatelescope,onehas 1/y,, =
Zw, and because w is arbitrary

lim X - [|Fy(X, Y (X)) — 1| = +oc. (26)
X—00

Next, because 8, (x) is of class S 1 in particular %, (x) = e~ * for x > 0, which
implies that the steps y,, of the discrete function §,, must be infinitesimal. Hence
limy_, o0 [F3(X, Y(X))| — 1 = 0. Let x > 0 be limited. Then

So(x + Yw) —8w(x) _de™

v ke —e " > —8,(x).
w

Hence
3 (x + Vw)/d0(x) =1 = + D)yy. 27
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Notice that y,(x) =~ 0, because

Y 0
Sul0) = TOEV) (s ey m =+ (4 —1=2.  (28)
Y(w +X/J/w)

Then by (20) there exists 7 >~ 0 such that df,,(x, 17)/9y = 84, (x + ¥») /8w (x). Hence it
follows from formula (1) and formula (27), applied for x = 0, thatdf, (0, 0) / ay =1—
(14 2)yw. Because y,, >~ 0and y,, > 0 we have F}(w, Y (w)) > 1, Fj(», Y (w)) < 1.
From this and (26) we derive that limy_, o F;(X, Y(X)) = 1 and limx_ oo X (Fj(X,
Y(X) — 1) = —c0. Finally we prove that F;(X, Y (X)) —1is slowly varying at
scale 1/[|F;(X, ?(X))| — 1]. Noting that y,,(x) =~ 0 we derive as above from (20),
(1) and (27) that 3f (x, Y,(x))/dy = 1 — (1 + &)y, for all limited x > 0. Hence
Af (x, Jo(x)) /3y — 1 = (1 + 2)(9f(0, 0)/dy — 1) and

Fz’(a)—{— = ,?(w+ = ))—1
|| Fy (@, Y ()] — 1] [|F(, Y ()] — 1]

= (1 + 2)(Fj(o, Y (@) — 1),

so Fj(X, Y (X)) — 1 is slowly varying at scale 1/|| F3(X, ¥ (X))| — 1| by formula (2).
Combining, we see that the three conditions of Theorem 3.2.3 are verified. O

Proof of Theorem 3.2.4.  Assume limy_, o F; (X, Y(X)) = —1, limx— oo X(Fy(X,
Y (X)) + 1) = +00 and that F (X, Y(X)) + 1is slowly varying at scale 1/[|F;(X,
l?(X))l — 1]. Firstly, by Lemma 5.2 under the telescope ij,(w)’l/yw one has °y,, = 0.

Secondly, we prove that the difference of two solutions which at 0 under the teles-
cope are infinitely close to 0 is of class |S] ], but not of class S'. Let x > 0 be limited.
We assume first that x /y,, is even. Since

do(x + Vo) + dw(x) = () ((pw(x ) Z ):)w(x ) * 1) ’ @
Yo Yo Po(X) = Yo (X)

we derive from (20) and Lemma 5.4 that as long as d,,(x) is limited,

do(x + Vo) + do(x)  dy(x)
Yo Yo

(1-0+2gw+1) =d,(x)(1+2). (30)

Hence dy(x + yy) = —d,(x)(1 — (1 4+ D) y,). If x /v, is even, formula (30) implies
that

Ag,(x + y;)) — A, () _ —do(x +;w> — @) | o) = — Ay, (),
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and if x /y,, is odd, also

Ad,( + Vo) = Ad,(¥) _ do(X + o) +do(x)
Yo Yo

>~ dy(x) = —Aqg,(x).

Hence by the Stroboscopy Lemma A, (x) ~ e~ for such x, which also implies that
|d,(x)| is limited for all limited x. This means that every solution which under the
telescope is infinitely close to zero at x = 0 is infinitely close to zero for all limited
x > 0. Then we may apply the formulae above also to As,, and find that for all limited
x>0

Ay 4 10) = Aoy @) an
Yo ol '

Hence §,, is of class | S |l for all limited x > 0. Notice that it follows from (31) that

1) — 8,0 2
(Vo) w(0) ~_Z 4,

Yo Yo

which is unlimited. Hence 8,, is of not of class S!.
Thirdly, we prove that j,, — 3, is of class |S |1 for all limited x > 0. The discrete
function y,, — ¥, satisfies the equation

Yo (X + Vo) = Yo (X + Vo) + Yo (x) = Jou(x)

_ (fw(x» Yo (X)) — folx, )A’w(x))
Voo (X) = o (X)

+ 1) Yo (X) = Yo (x))

Jo(x, Yo (X)) = Ju(x)
Yoo () (3f o (x, 90 (X)) /0y + 1)

— Qo + Yo) = Jo(x)). (32)

Yo () (0fe (x, J(x)) /0y + 1) +

By Lemma 5.2 we have y,(x + Vo) — Yo (x) = @y, and ¥, (x) = 0. The latter implies
that for some § >~ 0

Jo(x, yiu(x)) - {w(xs Yo (X)) +1= fw(x, B) +1
Yor(x) — Yo (x) Ay

’

which by Lemma 5.4 is of the form —(1 4+ &) g,,. It follows also from Lemma 5.4 that
fp(x, Vo (x)/0y + 1 = —(1 + @)g,. Definition 2.2.2 implies that

Jo(x, Yo (X)) = Ju(x)
Vo (X)Of o (x, Y0 (x)) /0y + 1)

By these estimations equation (32) takes the form

Yo (X + Vo) = Yo (X + Vo) + Yo (X) = Yo (x) =
—(1+ )80 (o (x) = $o (X)) = (1 + D)gw - T+ D - F(1 + D) gp-
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So

Yo (X + Vo) = Yo (X + Vo) + Yo () — Jou(x)
Yo

~ Yo () = Yo (x) =0, (33)

hence y,— 3, is of class | S| I Combining, we conclude that Yisa weakly exponentially
attractive river of class |S]| ! but not of class S!.

The proof of the converse follows the lines of the converse part of the proof of
Theorem 3.2.3. We remark first that because T, @ Yo isatelescope,onehas 1/y,, ~

Dw, s0 (26) holds. Because §,,(x) is of class | S| Lin particular 98, (x)| = e~ forx > 0,
which implies that the steps y,, of the discrete function é,, must be infinitesimal. Hence
limy_ 00 |F5(X, Y (X))| — 1 = 0. Let x > 0 be limited. Then

As, (X + Vo) — As, (x) _de™”
Yo ~ dx

= —¢ > —As, (x).

Hence
S0 (X + V) /0w(x) = =14+ (1 + D) y,. (34)

One shows as in (28) that y,(x) =~ 0. Then by (20) there exists 7 >~ 0 such that
0fw(x,1)/0y = 84 (X 4+ Yw)/Sw(x). Hence it follows from formula (1) and formula
(34), applied for x = 0, that 3f,,(0,0)/dy = —1 + (1 + @)y,,. Because y,, >~ 0 and
Yo > Owe haveF (w, Y(a))) ~ —1, F (w, Y(a))) > —1.From this and (26) we derive
that limy_, oo F;(X, Y (X)) = —1 and limy_ oo X (Fi(X, Y(X)+1) = +oo0. Finally
we prove that F)(X, )A’(X)) + 1 is slowly varying at scale 1/[|F;(X, )A’(X))| —1].
Noting that $,,(x) =~ 0 for all limited x > 0 we derive as above from formula (20),
formula (1) and formula (34) that 3f (x, Y, (x))/0y = —1 + (1 4+ @)y, for all limited
x > 0. Hence

Fz’(a)+ i ,Y(w+ ha ))+1
[|F5(w, Y (@) = 1] [|Fy(w, Y (w)| = 1]

= (1 + 2)(F5(w, Y () + 1),

so Fj(X, Y (X)) + 1 is slowly varying at scale 1/|| F3(X, ¥ (X))| — 1| by formula (2).
Combining, we see that the three conditions of Theorem 3.2.4 are verified. O

Proof of Theorem 3.2.5. The proof is similar to the proof of Theorem 3.2.3. Letr < 0
be such that limy_, X(F/(X Y (X)) — 1) = r. Firstly, by Lemma 5.5 under the
macroscope M, j,, one has %y, = 0.
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Secondly, we prove that &, is of class S! for limited x > 1. We may adapt slightly
the argument of the proof of Theorem 3.2.3 leading to formula (24), now using (21)
and Lemma 5.6, to obtain that as long as d,,(x) is limited,

dpy(x + 1/w) — dy(x) _ dey(x)
1w 1o

r %] r
(1 LA 1) = ld,m+o. (9
wXx w X

By the Stroboscopy Lemma d,,(x) =~ x" for such x, which implies that in fact d,(x)
is limited for all limited x > 1. This means that every solution which under the
macroscope is infinitely close to zero at x = 1 is infinitely close to zero for all limited
x > 1. Hence §,,(x) satisfies (35) for all limited x > 1, i.e.,

ox +1/®) —do(x) _ L s(x) = rx" 1.
l/w X

This implies that §,,(x) is of class S ! for all limited x > 1.
Thirdly, we prove that J,, is of class S! for limited x > 1. A slight adaptation of
the argument used in the proof of Theorem 3.2.3 leading to formula (25) yields the

estimation . _
Yo(x + 1/w) — Yo (x) ro.
~ —y,(x) =~ 0.
1/w X

Hence 7, is of class S! for x > 1. Combining, we conclude that Y is a polynomially
attractive river of class S!.
Conversely, assume under the macroscope M .7 (o) OD€ has %, (x) = x” forx > 1,

with r < 0. Because §,, is of class S!

Sp(x + 1/w) —8p(x)  dx” r8 )
~ — 2~ —§,(x).
1/w dx x ¢
Hence
r %]
Sp(1+1/w) =14+ — 4+ —. (36)
OB

By (22) there exists & ~ 0 such that df,(1,6)/dy = &,(1 + 1/w). Then it fol-
lows from formula (1) and formula (34) that 9f,(1,0)/dy = 1 + g + %. Hence

limy— 00 X (F3(X, Y (X)) = 1) =r. O

Proof of Theorem 3.2.6. We follow the lines of the proof of Theorem 3.2.4, adapting
itas has been done in the proof of Theorem 3.2.5. Assume limy _, oo X (F; (X, )A’(X)) +
1) = —r withr > 0.

Firstly, by Lemma 5.5 under the macroscope M, y () ON€ has °y, = 0.

Secondly, in order to prove that the difference of two solutions which at 1 under
the macroscope are infinitely close to 0 is of class |S|", but not of class S', by an
appropriate adaptation of the argument in the proof of Theorem 3.2.4 leading to (31)
one obtains for limited x > 1 that A, (x) >~ x~" and

As, &+ 1/0) = A5, (¥) DA, (x) > rx L, (37
l/w X
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This implies that §,,(x) is of class |S|!' for all limited x > 1. Notice that it follows
from (37) that
81+ 1/w) — w(l)
l/w

—2w +r,

which is unlimited. Hence 8, is of not of class S!.
Thirdly, we prove that ¥, — ,, is of class | S|! for limited x > 1. A slight adaptation
of the argument in the proof of Theorem 3.2.4 leading to (33) shows that

Yolx +1/w) — )A’a)(x +1/w) + Yo (x) — Yo ()
1/w

—(yw(X) Yo (x)) 0,

hence ¥, (x) — $o(x) is of class |S|' for limited x > 1. Combining, we conclude that
Y is a polynomially attractive river of class |S|'.
Conversely, assume under the macroscope M, 7(w) ONC has 98, (x)| = x~" for

x > 1, with » > 0. Because §,, is of class |S|1,

As,(x +1/w) — As, (x) dx—" N
1/w T odx

Hence
So(1 + l/w)

e —1 + + — (38)

By (22) there exists n >~ 0 such that df,(1, n)/dy = §,(1 + 1/w). Then it follows
from formula (1) and formula (38) that wa(l, 0)/dy = (1 + D) Bu,(1 + 1/w)) =
—1+£+%.Hencelimx_>ooX(F2’(X, Y(X)+1)=r. O

Finally we consider the proof of Theorem 3.4. We prove first a lemma.

Lemma 6.1 Let (D) be a standard difference equation, Y be a standard approximate
solution and Y be a standard solution asymptotic to Y. Then there exist standard
Ao, By with By > 0 such that (|F)(X,Y)| — 1)/(|F5(X, Y(X))| = 1) is appreciable
on{V =(X.Y)| X = Ao, (1 = B))Y(X) <Y < (1 + Bp)Y (X)}.

Proof We may apply (1) to Y as well as to ¥ and weaken it to obtain that (| FZ/(X , V)|
— D/(F(X,Y(X))| — 1) = @ for all X >~ oo and Y such that Y/¥(X) =~ 1.
Applying permanence in the same manner as in the proof of Theorem 4.3 we derive
that (|Fy(X, Y)| — 1)/(|Fy(X, Y(X))| — 1) = @ on some set standard set V of the
above form. O

Proof of Theorem 3.4. Firstly, we prove that Y is a drain if and only if there exists
some standard C such that 3y - [F,(X, Y (X))| — 1 converges.

Assume the latter property holds. Now |F; (X, Y (X)) > 1 forall X >~ oo or
|Fy(X, ?(X))| < 1 for all X ~ oo by Definition 2.2.1. So szc yx converges.
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Then yx =~ O for all X >~ oco. Let w,& =~ oo with § > w. Consider the product
[lp<x<¢ 1 +£yx. We have

H 1+£yx =exp Z log(1 +£yx) = exp£ Z yx =exp@ =1+ 2.
w<X<§& w<X<§& w<X<§&
) A (39)
By Definition 2.2.3 we have Y(X + 1)/Y(X) = 1 + @yx, so by (39)

18 _ I1 rx+l) [] 1+ovx=1+0.
Y  ,xoe YX) w<X<&
Because Y is standard we derive from the nonstandard characterization of the conver-
gence of Cauchy sequences that limy_, % (X) = D for some (standard) D # O.
Then also limy_, I?(X) =D

Let By be as in the above lemma. Let Y be another solution such that
Y (w) — Y(w)| < Bo/2. We show that |Y(X) — Y(X)| ~ |Y(w) — Y (w)] for all
X ~ oo. Assume X > o is such that still |Y(X) — Y(X)| < Bp. By (19) and the
lemma, forall Z withw < Z < X

Y(Z+1)—-Y(Z+1)
Y(2)-Y(2)

=1+ @yz.

By (39) in fact [Y(X + 1) — Y(X + 1| = (1 + @)|¥(®) — Y(w)|. Then
|Y(X) — Y(X)| ~ |Y(a)) — Y(a))| for all X > w by nested induction [6, Lemma
3.1]. This implies that |Y(X) Y(X)| ~ |Y(a)) Y(a))| alsoforall X ~ 00, X < w
as long as Y (X)—Y(X)| < By /2, if not the above argument applied to X and w > X
yields |Y(a)) Y (w)| ~ |Y(X) Y(X)| # |Y (w) — Y(w)|. If we take ¥ such that
Y(w) > Y(a)) we see that Y is a drain; indeed for all X ~ oo the near- equality
Y(X) ~ Y(X) implies Y(X)/Y(X) =~ 1, since Y(X) D £ 0.

Conversely, let o ~ oo and Y be a solution such that Y (w) * Y(a)) with
Y(a))/Y(a)) ~ 1. Let £ > w be arbitrary. By (19) and (1), for all X withé < X < w

Y(X+1)—Y(X+1)
Y(X) — Y(X)

=14 (1+2)gy.

So gx ~Oforall X withé < X < w. Also

YO -Y@ | _

= ~ 1 1 = 1 .
o T [T t+0+2ex=exp(i+2) D ex

w<X<§& w<X<&

Then ", <x<¢ 8§x = 0and by the nonstandard version of the Cauchy characterization
of convergence >y ~ gx converges for some standard C.
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In order to prove that the drain Y is of class S! if and only if limy 00 X (F;(X,

Y(X)) — 1) = 0 one may adapt in an obvious way the corresponding part of the
proof of Theorem 3.2.5 to the case r = 0; note that if limy_, o X (F,(X, IA/(X))
— 1) = 0, the sum >y - gx is transformed into D y. ~(F5(X, Y (X)) — 1), which
thus converges. Similarly, in order to prove that the drain Y is of class |S|', but not
of class S', if and only if limy_ o X (Fy(X, Y (X)) + 1) = 0, one may adapt in an
obvious way the corresponding part of the proof of Theorem 3.2.6 to the case r = 0;
finally, if limx_ oo X (F;(X, ?(X)) + 1) = 0, the convergence of Dy ~ gx implies
the convergence of D"y ~(F}(X, I?(X)) +1). O

7 Further remarks
7.1 Examples of rivers of quadratic equations

In [7] some quadratic equations were solved for approximate solutions and solutions
asymptotic to them. We investigate here the nature of these solutions.

Example 7.1 Consider the equation
Y(X +1)=Y(X)* - X°. (40)

1. a > 0. The sequences fl(X) = X%/2 and YAQ(X) = — X% are solutions of the
associated asymptotic functional equation (A). By the Existence Theorem the equation
(40) has a solution Y;(X) ~ X%/2 for X — oo and a solution Y2(X) ~ —X%/2 for
X — 00.One has Fj(X, Y1 (X)) = 2X%/? and F}(X, Y»(X)) = —2X*/. Hence both
solutions are strongly repulsive rivers.

2. a < 0. The sequences fl(X) = 1 and fz(X) = —X“ are solutions of the
associated asymptotic functional equation (A). By the Existence Theorem the equation
(40) has a solution Y; (X) with limy_,~ Y1 (X) = 1 and a solution Y»(X) ~ —X* for
X — 00. One has Fz/ (X, Y 1(X)) =2, s0 Y, 1 1s a moderately repulsive river. Further
Fy(X, fz(X ) = —2X“. Hence Y, is a strongly attractive river.

Example 7.2 Consider the equation
Y(X +1) =Y (X)* + Y (X) — X (41)

The sequences fl(X ) = X2 and fz(X ) = —X? are obviAous solutions of the
associated asymptotic functional equation (A). We have FZ/ (X, Y1(X)) =2X42 +1

and Fj (X, Y2(X)) = —2X%2 4+ 1. Also, if i = 1,2,

V(X+D)-Yi(X) a

= for X — oo.
Yi (X) 2X
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We investigate first the cases where Y, or ¥, are not approximate solutions. First,

Y; (X +A1) - Y (X) = o(|Fi(X, Yi(X)| =1 for X — oo
Y (X)

only fora > —2, so Y, or Y, are not approximate solutions for a < —2. Applying
the macroscope M,, 2 it has been shown in [7] that indeed there are no solutions
asymptotic to £X%? for X — oo. For a = 0, one has Y»(X) = —1. Because
F; (X, —1) = 1, the sequence Y» is notan approximate solution, though it is obviously
a true solution for X > 1.

Let a > —2. Then we distinguish the following three cases.

1. —2 < a < 0. The equation (41) has a weakly exponentially repulsive river
Y1(X) ~ X%? for X — oo of class S! and a weakly exponentially attractive river
Y2(X) ~ —X%2 for X — oo of class S!.

2. a = 0. The solution ¥; = 1 is a moderate repulsive river. The fact that
F; (X, —1) = 1 suggests that there is little contraction very close to the solution
Y~2 = —1,still fz = —1 is not a drain. Indeed, let Y be a solution and put D =Y + 1.
Let X > 1.Then D satisfies D(X+1) = D(X)(D(X)—1)and D(X+2) = D(X)(1—
2D(X)* (1 — D(X)/2)). Assume 0 < D(X) < % Clearly 0 < D(X + 2) < D(X),
so by induction 0 < D(X 4 2N) < % for all N € N. For such N

DXy o ken

D(X +2N) 3 2
— < 1—=-DX+K)"). 42
I1 ( SDX +K) 42)

If N ~ocand D(X + K) % 0 for all K with 0 < K < N, formula (42) implies that
% =~ 0, a contradiction. This implies that D(X + N) ~ 0 whenever N =~ oco.
For X ~ o0, one thus~concludes that fz is not a drain. Applied to standard X, one
concludes in fact that Y is asymptotically stable.
_3.a > 0. There are strongly repulsive rivers Y;(X) ~ X2 for X — oo and
Yo(X) ~ —X%? for X — 0.

7.2 A special class of drains

If a solution Y is a drain, on Hy one observes a sort of almost parallelness, i.e., if
limy_ o0 X(|F2/(X, f(X))| — 1) = 0, every solution Y which enters Hj satisfies
Y(X) ~ Y (X) for all X >~ oo. On a microlevel we may §till have attraction or
repulsion. We investigate here the natural case where | F(X, Y (X))| — 1 ~ ¢/X* for
X — oo, wherec 20,5 > 1.

Proposition 7.3 Let (D) be a standard difference equation and Y be a standard
approximate solution. Assume for some (standard) s > 1 and ¢ # 0

|Fy(X, V(X)) — 1 ~c/X* for X — oo.
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Let ):’ be a standard solution asymptotic to Y (i.e., with the same limit as ):’ since
limY(X) # 0). Let >~ 00 and ®, ¥ be two solutions such that P (w)/Y (w) x~
V(w)/Y (w) = 1 (i.e., such that ®(w) =~ V(w) =~ Y (w), since Y (w) is appreciable).

Let x > 1 be limited. Then
c+ 9 1 1
+ P (1 — _xsl) T (43)

‘Cb(a)x) — W(wx)|
P(w) — V() |

Proof Let 1 < & < x be such that w& € N. Applying formulae (19) and (1) we find

® H—w 1 %
‘ (0§ + 1) — W(wé + 1) = (|Fy(0, (1 + @)Y (08)] — 1) + 1

O (wé) — V(wé)
= (1+ 2)(|Fj(wt, Y (@) — 1) + 1
c+o 1

£ o

=1+

Hence

O (wx) — ¥(wx)
D (w) — V(w)

Q(wé + 1) — V(wé + 1)‘
P (wf) — W(wk)

- 11

1<é<x
c—i—@ 1
=l 1+
1<é<x
c+ 9 1 1
:epr Z 55

I<é<x

O

It is not difficult to show that formula (43) holds also for unlimited x, otherwise
said, if w, @’ 2~ oo are such that o'/w >~ oo,

c+ 9 1
s—1 o1

)CD(a))— (44)

@) — V) |

7.3 Moving backwards under telescopes and macroscopes

In Definition 2.9.1-3, strong, moderate and exponentially weak rivers Y are defined by
specifying the behaviour of ¥ and neighbouring solutions on the asymptotic halo Hy

@ Springer



Asymptotics of families of solutions of nonlinear difference equations 183

of Y as viewed by appropriate telescopes T, (@) but exclusively for positive limited
arguments x. These behaviours are characterized by properties of the partial derivative
in the second variable of the function F which defines the difference equation. In fact
these behaviours extend to negative limited values of x, as long as we confine ourselves
to solutions which for all limited x belong to Hy. This follows easily by recentering
the telescope from (o, Y (@) to (w+ L(w)x, Y (w + L(w)x)), and by the Uniqueness
Lemma 4.3 (with the exception of strong attraction, where uniqueness is not needed).
For instance, under the conditions of Theorem 3.2.2 formula (11) holds for positive
and negative limited x, just as formula (12) holds for all limited x under the conditions
of Theorem 3.2.3.

A similar remark may be made for polynomial behaviour and drain behaviour under
macroscopes for positive appreciable x < 1.

7.4 The river and the asymptotic functional equation

Rivers and drains ¥ may be found in practice by solving the asymptotic functional
equation (A), i.e.,

- FX.Y(X)-V(X)
X=o0 Y(X)(|Fj(X, Y (X)) — 1)

The standard solutions Y may or may not satisfy this equation. Indeed, let w =~ oo.
When applied to Y at w, equation (A) is equivalent to

Y(w+1)—Y(w)

_ = (|F)(w,Y — 1. 45
F @ - (|F)(w, Y (w)| = 1) (45)

If Y is a strong or moderate river, one has (Y (w +1 - Y(w)) / Y(w) ~ 0, while
|F(w, Y (w))| — 1 2 0, hence (45) is satisfied. If Y is a weakly exponential river of
class S', the equation (45) is also satisfied since, when transformed by the telescope

Tw,)"/ (@)1 /70’ it expresses near-differentiability in 0, i.e.,

Yo (Vo) — Yo (0) ~
Yo B

0.

This means that (45) is satisfied if F}(w, Y(w)) is positive. But rivers need not be
S-differentiable under telescopes, an example is given by equation (17) with a standard
and0 <a < 1. Wehave y,, = 1 /w® >~ 0, while Y (X) = 1 + (—I)X/X“ satisfies

Yo (Vo) — Yo (0)
Yo

— (_1)w+1 .0
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With @ = 1 we have thus an example of a polynomial attractive river which does not
satisfy equation (45). Note however that if one admits two steps for Y instead of one,
equation (45) is satisfied, i.e., we always have

Y(w+2)—Y(o)
Y ()

=2 (|Fj(w, Y ()| - 1). (46)

In case Fj(w, Y(w)) > 0, the formula follows from the fact that e is of class S!

under Tw,i(a)),l/yw’ respectively ij(w), and formula (5). In case F2’(a), )7(0))) <0,

we use the equality

Yo+2) -V Fw+2) —Y(+2)— () - (®)
Y () B Y (@)
+?(a) +~2) - f’(a)).
Y(w)

47)

Now (Y (0 +2) — ¥ (0))/Y (@) = @ - (| Fj(w, Y ()| — 1) because J, is of class S
under ij(w)’ Uy respectively ij(w), and by formula (6), and (Y (w+2)— ?(w +
2)) — (Y (@) — Y (@)))/Y (@) = @ - (|Fj(w, ¥ (®))| — 1) because 3, — J,, is of class
|S|! under T , respectively M Fw) and by formula (6) or formula (7).

w,f’(w),l o [}
The formulae (45) and (46) have obvious geometric interpretations. Let @ be a

solution such that ®(w)/¥ (w) ~ 1 and ®(w) # Y (w). Put A = & — Y. Applying
(19) and (1) we see that (45) expresses that

Yo+ -Y@ A+ -[A@)
Y(w) |A(w)]

’

i.e., slow evolution of the individual solution ¥ with respect to the deviation of any
solution within its asymptotic halo. In the nonalternating case verified for one step, by
(46) it is true for all considered cases when we allow for two steps of the solution Y.

Acknowledgment I thank B.L.J Braaksma for stimulating discussions and several invitations to the
University of Groningen.
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