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Decomposition of terms in Lucas sequences

ABDELMADIJID BOUDAOUD

Let P, Q be non-zero integers such that D = P? — 4(Q is different from zero. The
sequences of integers defined by

U,=PU,_1 — QU,_»; Uy = 07 Ur=1
Vi=PVy 1 — QVy2; Vo=2, V=P

are called the Lucas sequences associated to the pair (P, Q) [6,7]. In this paper
we prove the following result: If P, Q are such that D is strictly positive, then,
for unlimited n, each of the integers U,, and V, differs by a limited integer from a
product of two unlimited integers.
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Keywords: Lucas sequences, Fibonacci sequences, nonstandard analysis

1 Introduction

Let N be any large integer. Proceeding directly to the factorization of N is not an
easy task, even unfeasible unless N belongs to a particular family of integers. Then
to surmount this major difficulty we might choose to ask about the factorization of
an integer in a small neighborhood of N instead of N. This is expressed through the
following question: Is there a small integer s such that N = s + ud, where p and 9
are two large integers ?

The fact that the integer N — s is a product of two large integers, gives an idea of its
factorization. In the existing literature, the decomposition of integers is an immense
problem which has been posed in several ways and treated by different methods (for
example [1, 3, 8]).

This idea originated in [2], where we chose to work in the framework of nonstandard
analysis [4, 5] to be able to give sense to the words "small", "large", ... and the
question has the formulation: Is every unlimited integer the sum of a limited integer
and a product of two unlimited integers ? To give a partial answer we provided some
examples [2] and we devote the present work to another example concerning Lucas
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sequences. In the final section we give the classical equivalence of the result obtained
and a general remark.

We start with a brief overview of Lucas sequences associated to a pair of integers [6].
Let P, Q be non-zero integers. Consider the polynomial p (x) = x> — Px + Q; its
discriminant is D = P> — 4Q and the roots are

P+ D P—+/D
o= ———

1-1 , = .
(1-1) > B >
Suppose that P and Q are such that D £ 0. The sequences of integers
o' — Bn
U, (P,Q) = with Up(P,Q)=0 and U; (P,Q) =1
(1-2) a—p

Vo(P,Q)=a"+p3" with Vy(P,0)=2 and V| (P,Q)=P
are called the Lucas sequences associated to the pair (P, Q). We will note by U,, (resp.
V.. ) the element U, (P, Q) (resp. V, (P, Q)).
It can be proved that for n > 2
U,=PU,_1 —QU,—2;, Uyp=0, U =1,
Vi=PVy—1 —OVy_2; Vo=2, Vi=P.
In the particular case (P, Q) = (1, —1), the sequence (Uy),>( begins 0,1, 1,2,3,5,8,13
.. and was first considered by Fibonacci. The companion sequence of the Fibonacci

numbers, still with (P, Q) = (1, —1), is the sequence of Lucas numbers (V,),>o and it
begins 2,1,3,4,7,11,18 ... .

(1-3)

We give here some known results [6, 7]
(1-4) Van = (V)> = 20"
Let p be a prime integer, then

D

U, = <> mod (p) forp > 3,
p

V, = Pmod (p) forp > 2,

(1-5)

D
where | — | represents the Legendre symbol which is, according to the relation

between p and D, one of the values —1, 0, 4+1. In addition, if n, k > 1, then
(1-6) U, | Uy forall k, V, | Vy if kis odd.

Moreover

_ (_1\yn—1

Vo (=P, Q) = (=1)"V, (P, Q).
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Decomposition of terms in Lucas sequences 3

Fermat’s Little Theorem. If p is a prime number and if a is an integer, then
(1-8) a =alp].

In particular, if p does not divide a then a’~' = 1 [p].

External recurrence principle [4]. For all internal or external formula F (n), we have
(1-9) [F(0) and Y'n (F(n)=> F(n+1)] = V'nF(n).
Notations. Let x, y be real numbers (not necessarily integers) .
(i) x = 0 (resp. x = +o0) denotes that x is infinitesimal ( resp. x is positive
unlimited). We have an analogous definition for x ~ —oo.
(i) x and y are called infinitely close, denoted by x ~ y, if x —y =~ 0.
(iii)) We say that x is appreciable if it is neither unlimited nor infinitesimal.

(iv) The inequality x 2>8 y means that x > y and x % y. We have an analogous
definition for 5.

(v) The Greek letter ¢ is used for an infinitesimal strictly positive. Two occurrences
of ¢ are not necessarily equal.

(vi) [P represents the set of all prime integers.

2  Main result

Theorem 2.1 If P, Q are such that D > 0, then, for unlimited n, each of the integers
U, and V,, differs by a limited integer from a product of two unlimited integers.

P
Let P and Q be such that D > 0 and let n = 4+00. We put A = ﬁ In order to
prove the main result we need the following lemmas.
Lemma2.2 (a) a# 3, max(|o|,|0]) Z 1 and

BoA-1
=D a A+l

(b) If P > 0, then
G laf >8],

@) 1-— é is positive infinitesimal <= )\ & 400,
Q

Journal of Logic & Analysis 1:4 (2009)



4 Abdelmadjid Boudaoud

(i) 1+ é is positive infinitesimal <= M\ is positive infinitesimal,
Q

(iv) é #% =£1 if and only if \ is appreciable and positive.
o

(c) If P <O,
@ o <|pl.
@) 1-— % is positive infinitesimal <= A\ ~ —o0,
(iii) 1+ % is positive infinitesimal <= )\ is negative infinitesimal,

(iv) % #% =£1 if and only if X is appreciable and negative.

++vD P—+/D
> and 0 = 5

P
Proof (a) o # (3 because a =
possible cases.

. The following are the

(i) P> 1. In this case a 1.

(i1) P = 1. In this case Q must be strictly negative and therefore « q?g 1.
(iii) P = —1. In this case Q must be strictly negative and therefore |J| q?e 1.
(iv) P < —1. Inthis case |3 Z 1.

Hence
max (|a,18]) % 1.
g A-1
By (1.1), — = ——.
y @D a A+1
(b) If P > 0, then it is immediate that |«| > |3|. Furthermore, A > 0 and the
A—1
remainder of the proof can be deduced from the graph of the function é \ = o1
e}
which is strictly increasing from [0, +o0o[ onto [—1, 1[, where \ lim+é (A) = —1 and
—0T
lim A \)=1.
A—+oo ¥
(¢) This is similar to (b). O

Remark. By (1-7) we need to prove the following lemmas only for P > 0 in which
case « is positive and according to Lemma 2.2 o > [3]. Consequently o z 1.

Lemma 2.3 Each of |U,| and |V,| is of the form wn, where w is unlimited ( w is not
necessarily the same in each case).

Journal of Logic & Analysis 1:4 (2009)



Decomposition of terms in Lucas sequences 5

Proof By (1-2)

(1= (8"
2-2) Un = "\ T (7a) )
V., = o' (1+(B8/a)").

We divide the proof into three cases.

(A) g =1—¢. Then0 < (ﬁ/a)" < f/a < 1. Hence 1 — (ﬁ/a)n > 1—(ﬁ/o¢) > 0.

By (2-2) it follows U, = o/~ '¢ with ¢ > 1 and therefore U, = wn, where w ~ +00.
Also V, = o"d with d > 1 and consequently V,, = wn, where w ~ +00.

g

(B) — = —1+ ¢. According to Lemma 2.2, ) is positive infinitesimal. There are two
o
subcases.

(1) n is odd. By (2-2)
ul:a%{r44+@v (LA =9)")

-1+ ) 2- 6

_ an—la’

where a is appreciable and positive. Therefore U, = wn, where w ~ +o00. Concerning

" A—1\"
V, by (2-1) and (2-2), V,, = « (1 + <)\+1) ) . Hence

vl (1YY 2 !
e S G B e S oW I

A V
and then V,, > an()\iil)” which implies 7" > a"m. Moreover ma” =
p D
400, indeed replacing o by + VD we get
A A D\"
——a" = ——— (1 +\) £
A+D A+1) 2
_ P (v
o2\ 2 ’

P<\/5

n—1
> ~ —+00 because /D =~ +oo. Therefore V, is of the form wn,

Journal of Logic & Analysis 1:4 (2009)



6 Abdelmadjid Boudaoud

(2) n is even. By (2-2)
1 — a)” a1 "
Un:o/‘_l (1_&%) - 2—¢ (1_ (ﬁ/a) )
anfl "
= (- (/).
B

-1
where a = 2 — ¢ is appreciable. By (2-1), — = o1 where )\ is positive infinitesi-
o

mal, and since 7 is even,

U - a1 - 1=2\"
" a A+1 ‘
1 1-2\" 1 1-2\"
F it foll h l— — <1—-(—
rom Ol > <)\+1) it follows that 0 < NG < (/\+1> ,

a1 1 " n

hence Un > T (1 — W) and then Un > 7m So
U, o} A
—_>
n a A+

. P+ D
Replacing « (resp. A) b resp. —— ), we get
placing o (resp. A) by 3 (resp @) g

ol x (VD)'PP
a O+ 2 lg(1+ N

a1 A
A+D"

U,
and it follows that — = 4o00. Therefore U, = wn, where w ~ +00.
n

Finally, from D ~ 400, A = 0 and a is appreciable we obtain ~ +00

Concerning V,,, the fact that
— A ! — A n
Vio=a" |14+ — =« (1+(—1—|—¢))

implies V,, = wn with w &~ 400 because (1 +(—1+ ¢)") > 1.

1 - o)
© 5 # +1: By (2-2), U, = o' L= (8/a) hence U, = o~ 'a, where a
o 1= (8/a)
/6 n
is appreciable. Therefore U, = wn, where w ~ 4+0c0. V, = o |1+ () ) =
o
o"a where a is appreciable, therefore V,, = wn with w ~ +o00, and the proof is
complete. O
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Decomposition of terms in Lucas sequences 7

|Unins |

Lemma 2.4 If n is of the form nyny with ny > 1 and n, > 1, then Uy | and
ny
[V | are unlimited.
Vi |
Proof Since n =~ 400, at least one of n; and n; is unlimited. By (1-2)
Un|n2 B oM 1 — (ﬁ/a)"lnz
Uy, —  aom \ 1—B/a)" )
(2—3) anriz B anlnz 1 + (ﬁ/a)n]nz
Vo,  am \ 1+ (B/a)m

We have three cases.

p AN B\"
(A) — =1—¢. By (2-3) and the fact that 1 — <> >1-— (> > 0 we have
« o «

Un]nz — anl(nz—l)c — Oén_nlC,
U,,
. Unlnz annZ
where ¢ > 1. Since (n — n;) = 400 then —— =~ +o00. Also by (2-3), =
Uy, Vi,

amm=De = oM ¢ where c is positive and appreciable. From the fact that (n — n;) ~

Vn n
+00 we have —=% ~~ 400.

g

(B) — = —1+¢. By Lemma 2.2, X is positive infinitesimal. There are three subcases.
o
Un n .
(1) n; is even. Then nyn, is even and # = oMm=D¢ with ¢ > 1 because
n
niny ny
U, .
1 — <ﬂ> > 1 - <B> > 0. Hence -2 = 4o00. Concerning V,, we have
o ol Uy,

. Since n; and nyn; are even and —1 < #/a < 0,

anz B a”l”z 1+ (5 a)nmz
Vo @ \ 1 (3/a)"
then

Vn1n2 oM
Vi a™

= oM™ Ve x oo

because c is positive and appreciable and o>~ ~ 4-00.
nin
Unims _ mim1) (1= (=1+¢)y"™)

(2) ny and ny are both odd. From ——= we have
T Un, (1= 1+
Unin, — gm0 (1 +a- ¢)nln2)
Un, (1+a—p)™)

= o™y~ 1o
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8 Abdelmadjid Boudaoud

because a is positive and appreciable. Also

Vains _ D (1 +(—1+ Qﬁ)nlnz)
Vi (1+ 1+ 0)™)
(1m0 o)
(1—(1—¢m)
1%
Since 1 — (1 —¢)""™ > 1 — (1 —¢)" > 0, then % = amm=De with ¢ > 1
n
V
which implies —"2 ~ 400 because o~V ~ +oo0.
ny
U, ny(np—1) niny
(3) n; is odd, n, is even. Then J'"z =@ (1 — (ﬂ> >, where
a o
)" § 5\"
a= <1 — <Q> > is appreciable and strictly positive because —1 < (a> < 0.
A—1
Since A is positive infinitesimal and — = —— then
a A+1

U s a"](nzfl) 1 — )\
nin — 1 _ - )
= (- G5) )
anl(nzfl) 1=\ niny anl(nzfl) 1
T (- (== > = (1-—
a 1+ A a (1 4+ )"

o/Mm=1 nima\
a (1 4+ N’

Now

>

P
Replacing A by —, we get

VD

anl(nz—l) n1n2>\ nino P (\/5)111"271

a (1 4+ X)mm ag.2mn

which implies
oM m2—=D nina S niny P (\/B)”lnz—m—l
a (1 4+ " — a.2mn

because o < v/D. Since /D > 23,
nnyP (\/B)ermfl - nynyP.2Mm@n=3)-3

a.2mm - a
Therefore
amm=b o\ nynyP.2M@n=3)-3 N
~ 400
a (1 + \)yum = 4

Journal of Logic & Analysis 1:4 (2009)



Decomposition of terms in Lucas sequences 9

U}'l] np

and then ~ +00.

nj

v 14 (1 — gy
Concerning —2, we have Voury _ a"l(’”*l)( + (-

Va, Vi, (I—a—om)
%
(1 — ¢)"™ is appreciable, 1 — (1 — )" € 10, 1[ and ™"~V ~ 400 lead to —2 ~

ny
—+00.

. The facts that 1 +

U |%
© é #% +1. The fact that —"2 — gmn—Dbg 102 — m0u=Dp " where
(6 Un1 ni U
a1 ~ 400, a and b are appreciable and positive mean that —"2 ~ 400
ny
and LI +00 which finishes the proof. ]
n
Lemma 2.5 Foreveryi>?2, |Uj| < |Uit1| & |Vi| <|Vip1l
Proof Let i > 2. We have three cases.
p Uit
(A) — =1—¢. By Lemma 2.2, A = +o0o and then o ~ +00. Now U =
a i
i+1 _ gitl 1 — it ‘ '
@ ﬁ. :a( . ),wherer: b_ 1—¢. Since 1 —r*! > 1—7 > 0and
ol — [ a-r Q
U; Vi 1+t 147
o & 400, then —1 > 1. Also we have —+ = a( ) Since g i

U; y 7 (b+ﬂ' (1+r)
i1~ 400, Thatis, —+L > 1.

i i

appreciable and a ~ 400, then
B) é = —1+ ¢. By Lemma 2.2, )\ is positive infinitesimal. Since P is supposed
o

positive and A is positive infinitesimal, we directly get Q ~ —oo. Therefore, from
Q0 <0,weobtain 0 < Uy < Uz < Ug < .... Similarly, 0 < Vo, < V3 < Vg4 < ...

©) é % +1. According to Lemma 2.2, A is appreciable and strictly positive.
e
U; 1 — it A—1
+ o= a( : ) with r = é = ——, where \ is different from 1 because
U; 1-=r) Q@ A+1

otherwise Q = 0. We divide the rest of the proof into the following cases.

P
(1) A € 10,1[. Then 0 < ziQ < 1 and consequently Q < 0. Hence, as
P

in the case B) of this lemma, wehave 0 < Uy < Uz < Us < ... and 0 < Vo, < V3 <
Ve <.

Journal of Logic & Analysis 1:4 (2009)



10 Abdelmadjid Boudaoud

U:
(2) A > 1. Then r is appreciable and positive and » < 1. Since [’]H =

i

1 — pit! _ : Ui Vi
a((l—ri)) and 1 — Ft! > 1 — # > 0, then 5;1 > « > 1. Concerning ;;1,
P
the fact that A = ————= > 1 implies Q > 0 and consequently P > 3 because

VP =10

P— /P24
D =P?>—40Q > 0. Then a > 2 and B > 0 because § = —Q Therefore,

2
a'(a=1)>p'(1-p).
Indeed,if 0 < 3 < 1,then 8 < 1 and 0 < 1 —3 < 1 whichimplies 0 < 5/ (1 — ) <
1. Moreover, o/ (a« — 1) > 1. Hence
a'(@—1)>p(1-p)
which is evidently verified when 3 > 1. Therefore o/T! + git! > of 4+ ) ie.
Vit1 > V; and the proof is complete.

Lemma 2.6 If (P, Q) is not standard then ;“?; ~ +00.
1

Proof We have two cases.

(A) P = +00. We divide the proof of A) further into the following cases.

Vo, P2
(1) QO standard. Then 22 - 7Q R~
Vi P

Vo  P2—-20

+00.

2 ~ —o00. Then — = .
2 0 0o. Then Vi 2 +o0
V. P> -2
(3) O = 400. Suppose that 72 = [ with [ being limited. Then TQ =[>0
1
1
( P2 —2Q > 0 because D > 0). Hence P?>— Pl = 2Q which implies Q = 3 (P> —PI).

Then
D=P—4Q =P —2(P*—Pl) = —P* + 2Pl

) .. .. V
which means that D < 0 and this is a contradiction. Then 72 ~ +00.
1

V.

(B) P standard. In this case Q ~ —oo and we show easily that 72 ~ +o00. This
1

finishes the proof. a

Lemma 2.7 n may be written according to one and only one of the following forms.

Journal of Logic & Analysis 1:4 (2009)



Decomposition of terms in Lucas sequences 11

(i) n=p~ 400 is a prime.
(ii) n=2%p, where s > 1 is a limited and p ~ 400 is a prime.

(iii) n = nyny, where one of ny,n; is odd greater than or equal to 3, the other is
unlimited.

(iv) n= 2" withw ~ 400.
Proof It is well-known that n must be written uniquely as #"'#52...1&", where 2 <
t < th < .. <t are prime numbers, o; > 1 (i = 1,2, ..., r). Two cases arise.

(1) r = 1. Either #r; = 2, in which case n is of the fourth form, or #; > 2 which implies
that n is of the first form if «;; = 1 because in this case n = t;, otherwise ( a; > 1),
n =1 = 127" which shows that n is of the third form because the quantities 7,
and 1{" ~! are both odd and obviously at least one of them is unlimited.

(2) r > 1. Here two subcases arise.
a) t; = 2.
If o is limited, then we divide the proof into two further cases.

(al) ap = 1. If r = 2, then n = 2%t which shows that #, is unlimited
and consequently n is of the second form, otherwise (i.e. r > 2) the fact that
n = 2%n15% .12 where t; is odd and 21£5°...1% ~ 400 because 215718 > 1
and the product #,.2%1£3%...1& = n &~ +00, shows that n is of the third form.

(a2) ap > 1. In this case n is of the third form because n = 241152157 . .12 =
t2.2a1t§2_1t?3...t?’ where #; is odd and by the same reasoning as (al) above, r > 2 )
207521 12 & oo

If oy is unlimited, then the fact that n = 2% /52653 ..1& = 1, 2%113> 7 153 1%, where
tr is odd and 217527 '£{°...1% ~ +oo permits us to conclude that n is of the third
form.

(b) ©; > 2. Here also, using the same reasoning as above and the fact that

n=152 10 = M52 1% & oo, we conclude that n is of the third form.

We now prove that n cannot be written simultaneously according to two of the above
indicated forms. Indeed, we prove this for the second and the third form (the other
cases are trivial). Suppose that n = 2°p where s > 1 is a limited and p =~ +o00 is a
prime and also n = nyny, where for example #n; is odd greater than or equal to 3 and
ny is unlimited. Since the decomposition of » in prime factors is unique, then n; = p,
ny = 2° which is contradictory because 7, is unlimited and cannot be equal to 2°. O

Journal of Logic & Analysis 1:4 (2009)



12 Abdelmadjid Boudaoud
3 Proof of Theorem 2.1.

3.1 Proof for U,.

We consider the following two subcases.

D
(D n is a prime. By (1-5), U, = <> mod(n). Then U, = u + kn, where
n

u € {—1,0,+1}. Since |U,| is, according to Lemma 2.3, of the form wn with w is
an unlimited real number, the integer k& must be unlimited. Consequently the proof is
finished for this case.

(II) n is a composite i.e. n = niny, where n; > ny > 1. By (1-6), U, = CU,, , where
C is an integer which is, according to Lemma 2.4, unlimited. On the other hand since
n1 ~ 400, then by Lemma 2.5, Up, is unlimited. Thus the proof is finished for U, .

3.2 Proof forV,

By Lemma 2.7, we need to consider the following four cases.
(D) n = p = +o0 is a prime. We have two subcases to consider.

(a) P limited. By (1-5), V), = P mod(p); i.e.V, = P + kp. Since P is limited, k
must be, according to Lemma 2.3, unlimited.

(b) P unlimited. Accordingto (1-6), V; |V, ;i.e V, = VIN. By Lemma 2.5, we

have
Vol < [V3] < oo < |Vi| < ..
|V e Vol [Vhl 14
By Lemma 2.6, — = 400 which implies from —— < —— that —— ~ 400 and
g i 4 Vil = vl

then N is unlimited. Thus the proof is finished for this case because V| = P and
|P| ~ 4o0.

(II) n = 2°p, where s > 1 is a limited and p ~ +o0 is a prime.
(a) P and Q are both limited. For s > 1 define the formula

A (s) = "For n of the form 2°p, V,, may be written as g; + gop where g (resp. g») is
a limited (resp. is an unlimited) integer".

We have A (1). Indeed, let n = 2p; by (1-4)
2
V=V = (V)" —20".

Journal of Logic & Analysis 1:4 (2009)



Decomposition of terms in Lucas sequences 13

Applying (1-5) and (1-8) yields V5, = (P + kp)*> —2(Q + Ip). Hence
V., = Va, =P+ 2Pkp+K*p* —20 —2Ip
= P*—20+ (2Pk+k*p —2I) p.

If gy = P> —2Q and go = 2Pk +k*p — 21, then g is limited and, according to Lemma
2.3, g» is unlimited. Consequently, A (1).

Suppose A (s) for s > 1 a limited integer and prove A (s + 1). Indeed, by (1-4)
2 s
st-Hp == V2(25p) = (stp) —_ 2Q2p.

From A(s) (resp. (1-8)) we have Vi, = g1 + gop, where giis limited and g is
unlimited ( resp. Q*7 = (st)p = Q% + fp with f an integer). Replacing by these
values, we get

Vast, = (VZXP)Z — 2077
= (&1+gp) -2 (sz +fp)
= & 20" +/p.
where f = 2g1g> + g5p — 2f . Since g1, Q and s are limited, then g7 — 207 is limited;
the integer f, according to Lemma 2.3, must be unlimited. Consequently, A(s + 1).

Then by (1-9),
Vis>1 A(s).

(b) P or Q is unlimited. By (1-6), Vas|Vasp, i.e. Va5, = Vasc with ¢ being an
integer. By Lemma 2.4, ¢ is unlimited. By Lemma 2.6, |V2| &~ +o0 and by Lemma
2.5, |Va| < |V3] < |V4| < .... Hence Vs is unlimited. This completes the proof for
this case.

(IIT) n = nyny, where one of ny, ny is odd greater than or equal to 3, the other is
unlimited.

Suppose n; > 3 is odd and ny ~ +o00. Then
Vn1n2 - VnZC,

where by (1-6) C is an integer which is, according to Lemma 2.4., unlimited. Since
ny &~ +o0, then by Lemma 2.5 V,,,is unlimited. This finishes the proof for this case.

(IV) n = 2! with w ~ 400.
(a) Qiseven (Q =2t,t € Z*). By (1-4), we have
V= Vaws1 = Vanw = Vi, — 20%".

Journal of Logic & Analysis 1:4 (2009)



14 Abdelmadjid Boudaoud

Applying the fact that 2% = 2.2“~! and (1-4) yield
Voo = Vo gt = V2, — 207

which, when substituted in V,, = szw — 2Q2w, gives

(3-1) Vo = Vaeu = (Vi —207") - 20"
= (V2w71)4mod (Q2Wl> .

Similarly, the fact that V,o—1 = V, 5o—2 and (1-4) give

(3-2) Vi = Vaors = (Vyoma) mod (027

and so on.

Let f =~ +o0 be an integer such that w — f ~ 4o00. The previous process permits to
write

f+1 o
(3-3) Vo= Voot = (Vaory)* mod (Q*),
where Vo is unlimited.

Now, if V,.—s is even then V,.11 = 27¢, where v = min (2f+1,2“’_f) ~ 400 and t is
an integer. This shows that

Vo = Vawrt = 271272,

where v, and ~, are two unlimited integers satisfying v; + 72 = y. Otherwise (i.e.
V,w-r 1s 0dd), we have

f+1 o
Vim 1= [(Vaerr)? = 1] 440>
. 2f+1 . .
Since (VZW_f) — 1 is a difference between squares, then
% f we
Vi= 1= [(Vaerr)” = 1] [(Vaorr)” +1] + 40>

f
By the same reasoning about the difference (Vzu—f)Z -1

Vi 1= (Vo) =1 [(vaerr)” +1] [(vanr)” +1] + 0077

and so on. Thus we can write V,, — 1 as
Va— 1= [(Vaer)? = 1] [(Vars)” ™ 1] [(Vars)

+ [(vzw,f)z’"_l + 1} [(vzw-)zf + 1} Q™

f—(—1)
77y 1] ..

Journal of Logic & Analysis 1:4 (2009)



Decomposition of terms in Lucas sequences 15

where ¢ is an integer satisfying 1 < ¢t < f. Now choose ) ~ 400 such that #p < f
and 79 + 2 < 2¢7/. This is possible because, from the fact that min (f,2%) ~
+00, we can choose an integer s ~ —+oo such that s < min (f,2“7) and take

thereafter o = s — 3. Since 0?°” contains the factor 22°~ and the product
f—1 fo f—i
[(Vzw__/)z - 1] II |:(V2w—f)2 + 1] contains 2% with k > to + 2, then
0

=
V, — 1 =202N,

where N is an integer. Therefore
Vy—1=Vyuq —1=2122N,

where #; and #, are two unlimited integers satisfying t; + t, = o + 2.

(b) Qisodd (Q =2t +1,t€ Z). Weput n, =2%. If Q = +£1, then by (1-4)
Va=Vay = (Vi) =20
= (Vn0)2 -2

because ng is even. V,, is, by Lemma 2.3, unlimited. Otherwise (i.e. Q # £1) we
divide the proof into the following cases.

(1) P is even. By (1-3) and the induction, we show easily that each V; (I > 0)
is even. Moreover V, # 2, because otherwise P> — 2Q = 2 which implies D =
P2 —40Q =2 —2Q. The factthat D > 0 implies that 2 — 20 > 0 i.e. Q < 0 (because
Q € 7*) and this contradicts P> — 2Q = 2. In the same way V, # —2.

Now, we prove that V,, — 2 is the product of two unlimited integers. Indeed, by (1-4)
Vi = Vowt1 = Vop, = V,%O —20™".
Then
Vo —2 = Vi —4-20"+42
= (Vip =2) (Viy +2) —=2(Q" —1)
which implies
BG4)  Vy—2= (Vi —2) (Vo +2) -2 (Q”°/2 . 1) (Q"0/2 + 1) :
Because ny is divisible by 2, then applying (1-4) shows that V,,, —2 can be written as
Vag =2=Vaguz) = 2=V iy —4—2 (Q”0/2 - 1)

which, when substituted in (3—4), gives

2= -2 - )] 0+ 20 1) (0.

Journal of Logic & Analysis 1:4 (2009)



16 Abdelmadjid Boudaoud

Hence,

Vi =2 = (Yooy = 2) (Vi) +2) (Voo +2)
- S2(Q 1) (@ 1) (Ve +)
) (Q’lo/4 _ 1) (Q"0/4 + 1) (Q"o/2 + 1) .

Because n9/2 is divisible by 2, then applying (1-4) shows that V, ,» — 2 can be
written as

_ 2 no/4
Vi) —2 = V(n0/4)—2Q0/ —442

_ (v({w) - 4) 2 (Q"°/4 — 1)

which, when substituted in (3-5), gives

Voo =2 = (Viuossy = 2) (Ve +2) (Voasz) +2) (Vi +2)

(3-6) “2(F = 1) (@ 4 1) (Vi) +2) (Voo +2)
—2(Q"F = 1) Q% + 1) (Q/* + 1) (Vi, +2)

_9 (Q’lo/8 _ 1) (Q"o/8 + 1) (Q”0/4 ) (Qno/2 )

and so on.

So the process of applying (1-4) and putting the difference between squares as a product
of two factors, yields by induction

Vi—2=Vp, —2
= ( no/21 — 2) ( o/2i1 +2) 10,/2 —|—2) (Vno + 2)
-2 (Qno/zi ) (Qno/Z + 1) 022 +2) ( 10/2 +2) (Vng + 2)

(v
v,

=2(@ = 1) (@ 1) (@27 4 1) (Viyps +2) o (Vig +2)
)(

<

) (Qno/zf Qno/2 + 1 Qno/Zz 1 ) (Qno/Zt 2 1) (Vn0/2i74 + 2) (Vno + 2)

—2(@? — 1) (@ +1) (Q”O/Z"’l + 1) (Q’“’/z2 + 1) (Vi +2)

2 (@ —1) (Q/* +1) (Q"f)/z"" + 1) (Q”0/22 + 1) (Qm/2 +1),
(3-7)
where 1 < i < w. In this formula, if we replace i by 1 we recover (3—4), by 2 we

recover (3-5), etc.
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Decomposition of terms in Lucas sequences 17

We take iy =~ +o0 such that n—g > 1.We show that V,, — 2 is of the form 20717, where

7 is an integer. Indeed, each element V,, 5 (0 <j <ip — 1) is even and, according to
Lemma 2.5, different from +2 giving the fact that V; is different from these values.
On the other hand Q is odd and different from +1. Hence the formula (3-7) is the
sum of iy + 1 terms, where each term is the product of iy 4+ 1 non-zero even integers.
Therefore

V, —2 =2ty = ohpiy
where t; and #, are two unlimited integers satisfying #; +#, = ip+ 1 and ¢ is an integer.

(2) P is odd. We prove by induction that Vy (I > 1) is odd. Indeed, V,1 =
P? — 20 this shows that V5 is odd. Now suppose thatVy is odd with / > 1. Then
Vorpr = (V21)2 — 20 50 Vi is also odd. On the other hand V, # 1, otherwise
P2 — 20 =1 then the fact that D = P> —4Q = 1 — 2Q > 0 implies that Q < 0 and
this contradicts P> — 2Q = 1. In the same way V5 # —1.

By (1-4)
Vi = Vawr1 = Vg = Vo = 20™

Then
Vit 1l=Va —1+4+2-20" = (Vg — 1) (Vs + 1) +2 (1 — Q™)
So
(-8  Vatl=(Vig+1) (Vo= 1) +2(1-0"2) (1+0"72).
By (1-4)
Vi +1 = Vygy + 1
_ [v(zno oy —1+2- 2Q("°/2)]
_ [(v(nom - 1) (V(,,O/z) + 1) +2 (1 - Q(”U/z)ﬂ
which, when substituted in (3-8), gives
Vot 1 = [(V(no/z) - 1) (V(no/z) + 1) +2 (1 - Q(”O/z)ﬂ (Vg — 1)
+2(1-0"2) (1407
(V(no/z) - 1) (V(no/z) + 1) (Vi — 1) +2 (1 - Q("0/2>> (Vg — 1)
i) (1 _ Q(no/2)> (1 n Q(no/2)>
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18 Abdelmadjid Boudaoud

Then
Vot = (Voo = 1) (Vo +1) (Vi = 1)
(3-9) +2 (1= /D) (14 00/D) (v,, —1)
42 1_Q(n0/4) 1+Q(n0/4) (1+Q(no/2))

Again, setting % = 2.% and calculating by (1-4) an expression for V(n0 s2) T 1 and

substituting in (3-9), we get another formula for V,, + 1, and so on.
So this process yields by induction

Vn+1:V2w+l +1
= Vaora 1) Vaogz = 1) Vgt = 1) o (Va2 = 1) (Vi = 1)

2 (1= 02" ) (14077 ) (Viar = 1) (Vaggz = 1) o (Vo = 1)
+2< — Q) (14 Q) (14 @M% (Vg iz = 1) oo (Vg — 1)

QnO/Z’Jrl 1+ Qn()/Zi+l Qn0/2

_|_

4 gn/2- 1) Vigaies — 1) o (Vg — 1)+

1 1

— 2 (1 4 g2t

+ Qno/zi+1 Qn0/2’

)10 ) 0
)10 ) 1+
)(1+07) () (1207 ) ) 0
)10 ) 1

+2( Qn0/2’+1 Qn0/2' 1) . (1 _|_Q"0/2)’

(3-10)

where 0 < i < w — 1. In this formula, if we replace i by 0 we recover (3-8), by 1 we
recover (3-9) etc... .

We take ip ~ -+oo such that 2—0 > 2. We show that V,, + 1 is of the form 2/012¢,

where 7 is an integer. Indeed, each element V,, , (0 <j < io) is odd and, according
to Lemma 2.5, different from 31 giving the fact that V, is different from these values.
On the other hand Q is odd and different from +1. Hence the formula (3-10) is the
sum of iy + 2 terms, where each term is the product of iy + 2 non-zero even integers.
From this

Vi+ 1= Va +1=212"

where #; and 1, are two unlimited integers satisfying #| + f» = ip + 2 and ¢ is an
integer. This finishes the proof of this case and therefore the theorem.
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Decomposition of terms in Lucas sequences 19
4 In classical terms

In order to find the classical equivalence of our result we use the reduction algorithm
of external formulas of Nelson [5]. We denote the standard set

{(P, Q) e (z') : PP-40 > 0}
by H. Theorem 2.1 may be written as
Vi Y (P, Q)
(Vir:n>1) = U, V)3 (11, 12,1’1,1’2) Ve N

(U,, = U+, Vy =V +1l, & min (|11] AN (1’1

9

Z'ZD > i) ’
where n, ¢, i range over N, (P, Q) range over H and U, V, [, 1, lll, 1’2 range over Z.
Using idealization, this formula is equivalent to

vnv (P, Q)

(Wit :n > 1) = 3 (U, V) v 3 (11, by, 1’1,1’2) Viel

(Un = U+ 10s.V, =V 4 115 & min (|1 [1]. |1

1> |

where I belongs to Py (N) the set of finite subsets of N. This formula is equivalent to

Y (n, (P, Q)) 3 (1, (U, V)) iy

(n>1 =3 <11,12,1’1,z’2> Viel
(U,, = U+ Ui, Vo=V +11 &min (\11\ RIART

)=

If we refer to V3*'V*' in the lexicon cited in [5], the last formula is equivalent to

’
1

)

VI F"RY (n, (P, Q) 3(t,(U,V)) € R
(n>1) =3 (11, L, 1’1,1’2) Vi e 14, (U, V)

(Un — U+ 11127 Vﬂ = V+ lllllz & min (|ll| ’ |12| ’ lll

, Z;D >i) ’

(4-1)

where 7 is a mapping that associates with each (¢,(U,V)) € N x 77 a finite subset
1(t,(U,V)) C N. Now we prove that (4-1) is equivalent to
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20 Abdelmadjid Boudaoud

VI 3(T,W) € N> Y (n,(P,Q)) 3(1,(U,V)) € [0,T] x [-W, W]?

)>1)

(n>1=3 (11,12, [, 1’2) Vie 1@, (U, V)

(Un = U+ lib,Vy =V + 11, & min (|11| AR A

i
(4-2)

Indeed, let 7 : N x Z> — Pr(N) be a set-valued mapping. Then according to
(4-1) FMR N x Z? and therefore there exist smaller integers 7 and W such that
R C [0,T] x [-W,W]*>. Let (n,(P,Q)) € NxH, by (4-1) 3(t,(U,V)) € R C
[0,T] x [-W,W]?; that is, (r,(U,V)) € [0,T] x [-W,W]*>. Now if n > ¢, then
3 (11,12, [, z;) Vi e 1, (U, V))

Uy = U+ L, Vy =V + Li&emin (], |1 1] 1’2() > i which shows that
(4-1)=(4-2). For the converse one takes, R = [0, T] x [—W, W]>.

Hence we have the following internal formulation of Theorem 2.1.

Proposition 4.1 For any set-valued mapping 1:NxZ7* — Pr (N) there exists
(T, W) € N? such that for all (n,(P,Q)) € N x H there exists (t,(U,V)) € [0,T] x
[—W, W1? such thatif n > t, then U, (resp. V,) differs by U (resp. V) from a product
of two integers whose absolute value is greater than or equal to i for all i € T(t, u,v)).

Below we formulate, from the proof of Theorem 2.1, two particular cases of that result,
and give their reductions separately.

(1) U, differs from a product of two unlimited integers by an integer U with —1 <
U<l1.

(2) If n is not of the form 2°p with s > 0 being a limited integer and p =~ 400 being
a prime, then V,, differs from a product of two unlimited integers by an integer V with
-2V <2

The reductions of these particular cases are as follows.

(1) The first is equivalent to

(Viin>1) = 3WU, L, )i

PO (G P.0) = U+ ity U] < 1 & min (], |]) =) |

where n, t,i € N, (U,l;,h) € 7°. By idealization and transfer the previous formula
transforms, while remaining equivalent, to
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Decomposition of terms in Lucas sequences 21

vinip T (n, (P, Q) 3t € T
n>t= AU, L|,H)Viel
(U, (P,O)=U+hLb:|U <1& min (|li],|b]) >i) |’
where [ and T belong to the power set of N. (4-3) is equivalent to
Vie N3T e NV(n,(P,Q) € NxH
(4-4) -
n>T—
3,11, h) (Uy(P,Q)=U+ Ll with U] <1& min (|li],|b]) > i)
Indeed, let i € N. Then, according to (4-3), 3T c N. Now put

T = max;cr t. Now if (n,(P,Q)) € NxH such that n > T, then n > t, VteT.

(4-3)

Hence from (4-3) 3(U, I, l) with U, (P, Q) = U+l1l, |U| < L and min (|1, |i2|) >
i. Consequently (4-3) —> (4-4).

Conversely, let I be a finite subset of N and put i = max;e; i. For i there is,

according to (4-4), T € N. Consider T = {7"} as a finite subset of N. Now if
(n,(P,Q)) € NxH such that n > T, then AU, L, ) with U, (P, Q) = U + 11, with

|U| < 1 and min (|l4], |l|) > i; thatis, min (|1, |k|) > i Vi € I. Hence (4-4) =
(4-3) and consequently we have the following proposition.

Proposition 4.2 For any integer i € N there exists an integer T € N such that for
all (n,(P,Q)) € N x H satisfying n > T, the term U, (P, Q) differs from a product of
two integers whose absolute value is greater than or equal to i by an integer U with
-1 <UL,

(2) The second particular case is equivalent to
Vn VY (P, Q)

s n
V‘t(tl,tz) (l’thl &ﬁ ¢]P)> —

3 (V, 1’1,1’2) Vi (V,, (P,Q) =V + 1, with V € {0, %1, 42} and min (‘z’l

=9 |

where n, i € N, (11,1) € N2, (V, 1’1,1’2) € {0,+1, 42} xZ x Z. Using idealization
and transfer the previous formula transforms, while remaining equivalent, to

VL T Y (n, (P, Q)

V(1) €T <n >h& % ¢ IP) — 3 <V,1’1,1’2) Viel

(4_5) 'y . 7 / A ’
(Vn (P,Q)=V +1l,:Ve{0,+1,42} and min (’11 ZZD > l>

)
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22 Abdelmadjid Boudaoud

where I (resp. T) belongs to the power set of N (resp. N?). Then (4-5) is equivalent
to

Vie N3(T,T») € N> ¥V (n, (P, Q))
n
2i
(Vn (P,Q)=V +1l,:Ve{0+1,42} and min (’1’1

(n >1, 2 ¢ Pi=0, 1,..,T2)> — 3 (V,z’l,l’z)

) =)

Ty = max {t;:(t;,1,) € T} and T, = max {t;: (t;,1;) € T}. Let (n,(P,Q)) € NxH.
Suppose that n > T and % ¢ Pfori=0,1,..,T,. Then forall (t;,) € T, n >t

(4-6)

)

Indeed, let i € N. According to (4-5), 3T c N2. Suppose

and % ¢ P. Hence, according to (4-5), 3 (V, lll,l/z) Vi (P,Q) = V + |1, with
V € {0,£1,£2} and min (‘1’1

llzD > i. Consequently (4-5)=(4-6).

9

Conversely, let I be a finite subset of N. Put i = max;c; i. Then for i there is,

according to (4-6), (T1,T2) € N?. Set T = {0,1,...,T1} x {0,1,...,T>}, then T is
finite. Let (n, (P, Q)) € NxH and suppose that for all (t1,5,) € T, n > 1 & % ¢ P.

Then n > T and % ¢ P (i=0,1,..,T,). Hence, according to (4-6), 3 (V, 1,171,2)

)

such that V,, (P, Q) = V + [,[, with V € {0, +1,£2} and min ()1’1

l/ZD > i that

is Vi € I min (‘l’l , ‘IIZD > i. Hence (4-6)=—=(4-5) and consequently we have the
following proposition.

Proposition 4.3 For any integer i € N there exists two integers (T1,T>) € N? such
that for all (n,(P,Q)) € N x H satistfying n > T, and % ¢ P fori=0,1,.,T, the
term V, (P, Q) differs from a product of two integers whose absolute value is greater
than or equal to i, by an integer V with —2 <V < 2.

General remark. In the classical literature concerning Lucas sequences, generally the
studies are concerned with the terms Uy and Vj for k belonging to a particular family
of integers (see for example [6, 7]). In this work we note from the previous propositions
that the main result expresses a property of uniformity because the conclusion is valid
for all k beyond a certain rank.

Moreover, the ideas used in proofs here can also be used to deduce standard results.
For example one sees without pain that Lemma 2.3 gives the size of |Ui| and |Vi|
whereas Lemma 2.5 gives the growth of |Ui| and |Vi|. In addition, the translation
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by the reduction algorithm of lemmas used previously, which is an operation that is
not difficult, gives more classical results. But giving further details would increase the
length of this paper.
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